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Abstract
Observer-Patch Holography (OPH) is an observer-centric framework for fundamental physics.

Starting from observer-accessible patch algebras on a holographic screen, overlap consistency,
generalized entropy stationarity, and local recoverability, we derive scaling-limit semiclassical
gravity, compact gauge reconstruction, and under the extended MAR admissibility package
the Standard Model gauge sector with its global quotient structure, together with the string-
theoretic worldsheet expansion of edge dynamics. The framework reduces the Standard Model’s
free parameters to one calibrated constant (the pixel area, extracted from the gauge coupling
sector) plus structural axioms. Quantities flowing from the calibration are consistency checks;
the charged lepton masses, Higgs and top masses, mass hierarchy, and neutrino masses are
genuine predictions from independent structural conditions. We also present the strange loop
hypothesis as the explanatory closure for existence itself: a timeless consistency loop in which
observer-compatible physical structure generates intelligent observers capable of reconstructing
the same structure. We provide full derivations, quantitative outputs with explicit epistemic
classification, and additional problem-closure statements beyond the core paper.
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Part I

Core Framework and Axioms
1 Observer-Patch Holography

OPH is an observer-centric framework for fundamental physics. From one calibrated
constant (the pixel area), structural axioms (A1-A4 + MAR), and one cosmological
input (screen capacity), OPH derives scaling-limit semiclassical gravity, compact gauge
reconstruction, particle mass hierarchy, and key quantitative outputs. The Standard
Model, general relativity, and string theory emerge as effective descriptions of the un-
derlying structure.

1.1 Abstract

We present an observer-centric model in which fundamental data live on a horizon screen S2

and physical reality is the mutual consistency of overlapping patch descriptions. We define a net
of subregion algebras, formulate overlap consistency, and assume a local Markov/recoverability
condition and MaxEnt state selection.

Main results. Under explicit assumptions (Markov locality, MaxEnt, modular covariance,
Euclidean regularity, and the derived EFT bridge), OPH establishes:

1. Lorentz kinematics and semiclassical Einstein dynamics in the scaling limit from
modular geometry and entanglement equilibrium (Theorems 4.2-4.3, 5.1).

2. Gauge-sector reconstruction with Standard Model closure under the extended
admissibility package: compact gauge symmetry from a refinement-stable edge-sector col-
imit (Theorem 6.1), then selection of SU(3) × SU(2) × U(1)/Z6 with Nc = 3, Ng = 3 under
MAR, admissibility, and a single connected abelian charge factor premise (see Part II of this
manuscript).

3. Exact symmetry-protected zero masses: mγ = mg = mgraviton = 0, with no gauge-
mediated proton decay channels in the derived product-group structure.

4. End-to-end particle spectrum derivation from OPH inputs: from pixel area (one
calibrated constant) to couplings and masses. Gauge couplings and EW boson masses
are calibration-sector consistency checks; charged lepton masses (e, µ, τ , sub-0.025%) and
Higgs/top masses ( 1%) are genuine predictions from independent structural conditions (see
Part III of this manuscript).

5. String-theory bridge from OPH first principles: edge-sector MaxEnt weights are
exactly 2D Yang-Mills heat kernels, whose large-N expansion is the Gross-Taylor world-
sheet/string expansion (see Part IV of this manuscript).

6. Quantitative supplementary closures: Koide structure, Z6 hierarchy suppression, black-
hole recovery, a program-level modular-anomaly dark-sector branch, baryogenesis scale esti-
mates, and cosmological parameter relations are derived within the same framework (see Part
V of this manuscript).

The photon and graviton are forced by the axiom chain: once the admissible connected abelian
factor is realized and entanglement equilibrium yields dynamical geometry, gauge invariance forbids
mass terms. These are symmetry-protected zeros, matching observation.

Key conditionality. The EFT bridge (null-surface modular additivity N1-N3) follows from
the core axioms A1-A4 under testable conditions (Section 5.2): null strips must qualify as A4
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separators, and local finite variation must hold. The Lorentz/Einstein package is a scaling-limit
statement rather than a literal fixed-cutoff claim. The gauge group reconstruction yields a compact
group from a refinement-stable sector colimit; the Selection Axiom MAR (Minimal Admissible
Realization) then selects the SM gauge group SU(3) × SU(2) × U(1)/Z6, Nc = 3, and Ng = 3
once the admissible class includes one connected abelian charge factor (see ğ6.2 and Part II of this
manuscript).

Testable predictions. The log-integer area spectrum yields a discrete "horizon spectroscopy
comb" for gravitational waves: after rescaling by remnant mass and spin, spectral features must
stack at universal coordinates xk = ln k/8π. This is directly testable with public LIGO/Virgo data.
We also derive Newton's constant as G = acell/4ℓ̄(t) from edge entropy density. We conclude with
precision validations against lattice QCD and PDG bounds and a critical evaluation.

Fundamental parameters. The model reduces physics to two parameters characterizing the
holographic screen:

1. Pixel area: acell ≈ 1.63 ℓ2P , the geometric area of a single computational element. The nu-
merical value is calibrated from the gauge coupling sector via the entropy-matching condition;
it is analogous to Newton's constant in general relativity.

2. Screen capacity: log(dim Htot) ∼ 10122, the total degrees of freedom. Inferred from the
observed cosmological constant.

Everything else (compact gauge reconstruction, charge quantization, scaling-limit Einstein equa-
tions, mass ratios) is derived structure. The axioms contain no other dimensionful constants.
Quantities flowing directly from the calibrated gauge couplings are consistency checks; quantities
determined by independent structural conditions (critical surface, Koide structure, Z6 texture) are
genuine predictions.

1.2 1. Model and Axioms

1.2.1 1.1 Observers and access model

An observer O is a tuple (PO,A(PO), ρO, RO) where:

• PO ⊂ S2 is a connected screen patch (the observer's access region).
• A(PO) is the von Neumann algebra associated to PO.
• ρO is the local state, obtained by restricting the global state to A(PO).
• RO is a set of records: stable internal correlations within PO.

Observers are internal patterns in the global state. Different observers correspond to different
patches and their compatible marginals.

1.2.2 1.2 Screen, patches, and algebra net

We work in a single static patch with a horizon screen S2. Each connected subregion P ⊂ S2 is
assigned a von Neumann algebra A(P ). The net satisfies isotony:

P ⊂ Q =⇒ A(P ) ⊂ A(Q).

A global state ω is a positive linear functional on the inductive-limit algebra. Overlap consis-
tency is imposed algebraically: for overlaps P1 ∩ P2, ω restricted to A(P1 ∩ P2) is the same from
either side.
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1.2.3 1.3 Core axioms

A1 (Screen net): A horizon screen S2 carries a net of algebras P 7→ A(P ).
A2 (Overlap consistency): Local states agree on shared observables for any overlap.
A3 (Generalized entropy): A finite generalized entropy exists and obeys quantum focusing on

lightsheets.
A4 (Local Markov/recoverability): Conditional mutual information is small across separators;

recovery maps exist with controlled error.

1.2.4 1.4 Assumptions and external inputs

Assumption B (MaxEnt selection with local constraints): At the regulator scale ℓUV, the global
state ω maximizes von Neumann entropy subject to:

1. A finite set {Oa} of gauge-invariant local operators, each supported on a ball of radius ≤ r0 =
O(ℓUV).

2. Constraint equations 〈Oa(x)〉 = ca for each cell x in the UV lattice.
3. Optionally, a finite number of global constraints (total energy, charge).

This is the minimal specification that turns MaxEnt into a theorem-engine for deriving the local
Gibbs form (Lemma 2.6).

Clarification (MaxEnt 6= thermal equilibrium). MaxEnt here is local state selection
given constraints, not "the universe is in thermal equilibrium." The Lagrange multipliers (inverse
temperatures) may vary slowly in space and time. Non-equilibrium physics appears as gradients
in these multipliers and as controlled violations of exact Markov additivity (bounded by the MX
mixing axiom). Equilibrium is an approximation regime with explicit error terms.

Assumption C (Rotationally invariant constraints): Constraint sets are SO(3)-invariant on
S2.

Assumption D (Gauge-as-gluing): Overlap identifications are not unique; the freedom that
leaves overlap observables invariant forms a local groupoid.

Assumption E (Central defect): On triple overlaps, the only failure of strict coherence is
central, so

φijφjkφki = Ad(zijk), zijk ∈ Z(Aijk).

Assumption F (Collar refinement, double scaling): There exists a UV length ℓUV such that
for any cap C and collar width δ, in the refinement limit δ → 0 and ℓUV → 0 with δ/ℓUV → ∞,
the Markov error satisfies

I(Aδ : Dδ | Bδ)ω ≤ ε(δ/ℓUV), ε(x) → 0 as x → ∞.

See Section 2.3 for the collar tripartition definitions and the regulated EC proof that yields this
limit under R0/R1.

Assumption G (Euclidean regularity): Modular flow near a smooth entangling cut has a
regular Euclidean continuation, fixing angular period 2π.

Premise LR (Lieb-Robinson locality at UV): At scale ℓUV, the dynamics generated by the
effective Hamiltonian Heff (from Lemma 2.6) has a finite Lieb-Robinson velocity vLR: for local
operators A,B supported on regions separated by distance d,

‖[A(t), B]‖ ≤ c‖A‖‖B‖ min(|RA|, |RB|)e−(d−vLR|t|)/ξ
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for d > vLR|t|, where ξ = O(ℓUV).
This is the standard technical handle that turns the quasi-local structure of LG into explicit

support control for time-evolved operators.

Theorem A5 (Derived approximate modular covariance). Under R0 + Lemma
2.6 (local Gibbs) + Premise LR + collar refinement (F/MX), the modular flow σω,Ct
maps A(R) into a slightly thickened region algebra:

σω,Ct (A(R)) ⊆ A(R+vmod|t|) up to error η(d− vmod|t|),

where R+s denotes the s-neighborhood thickening, vmod is a "modular propagation
velocity" controlled by vLR and local norm bounds, and d is the distance from R to ∂C.
Proof sketch. The modular Hamiltonian KC = − log ρC is quasi-local by Lemma
4.1a-b (modular additivity localizes it to the collar). The Lieb-Robinson bound LR then
controls support spreading under eiKCt. In the double-scaling collar limit (δ/ℓUV → ∞),
the thickening vanishes in macroscopic units. QED.
Corollary (Geometric modular action in the continuum limit). Define the
induced region flow

fCt (R) := lim
ℓUV→0

R+vmod|t|.

Then σω,Ct (A(R)) = A(fCt (R)) becomes exact in the continuum limit, with error con-
trolled by

η(δ) ≲ 2
√

ln 2 · c · |∂C|UV e
−δ/(2ξ).

The geometric modular action is thus a consequence of quasi-locality + Lieb-Robinson bounds,
not an independent postulate.

Assumption I (Refinement stability / RG consistency): There exists a family of coarse-graining
channels Φℓ→L between UV scale ℓ and IR scale L such that the MaxEnt-selected states are self-
similar under refinement,

Φℓ→L(ωℓ) = ωL,

with the constraint set fixed and finite. Equivalently, the MaxEnt family is an RG fixed point
or a low-dimensional stable manifold determined only by the constraints.

Regulator premises (R0, R1): At a UV scale ℓUV, local patch algebras are type-I with
finite-dimensional Hilbert spaces, and gauge-as-gluing is realized as a boundary group action whose
fixed-point algebra defines physical observables. These premises are used in Section 2.3 to derive
EC.

External inputs: SSA and recovery theorems (Petz 1986, 1988; Fawzi and Renner 2015), Ja-
cobson's entanglement-equilibrium derivation (Jacobson 1995, 2016), and one of the following EFT
bridges: (i) the null-surface modular route (Section 5.2), or (ii) a UV CFT regime on sufficiently
small caps (Section 5.3). For SM contact we also use the Doplicher-Roberts reconstruction (Do-
plicher and Roberts 1989, 1990) once localized transportable sectors are assumed in the small-region
limit. Full citations appear in the References.
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1.2.5 1.5 Notation

• ρC : reduced state on cap C.
• KC := − log ρωC : modular Hamiltonian of the reference state.
• BC : geometric generator of the cap-preserving conformal dilation.
• Sgen(C): generalized entropy on a cap.
• ℓUV: UV length scale of the refined screen net.
• δ: collar width around a cap boundary.

1.2.6 1.6 Summary: Complete axiom set

For reference, the minimal axiom/assumption set that makes all headline theorems unconditional
is:

Label Name Content Status

A1–A4 Core axioms Screen net, overlap
consistency, generalized
entropy, local Markov

Axiom

B Local MaxEnt Finite bounded-range
constraints at regulator
scale

Axiom

MX Exponential mixing CMI decays exponen-
tially across collars

Axiom

LR Lieb-Robinson locality Finite propagation ve-
locity at UV scale

Premise

G Euclidean regularity 2π KMS normalization
for modular flow

Axiom

R0, R1 Regulator premises Type-I local algebras,
gauge-as-gluing via
boundary group

Premise

Derived results (no longer axioms): | Label | Name | Derived from | |-------|------|--------------|
| Thm A5 | Geometric modular action | B + LR + MX (Theorem A5) | | N1 | Null modular
additivity | R0/R1 + EC (Cor 5.2b) | | N2 | Half-sided inclusion | Thm A5 + G + blow-up (Cor
5.2e) | | N3 | Continuity | B + MX (Prop 5.2c) |

For the Standard Model contact (Section 6), add:

Label Name Content

S1 Sector factorization Sect ' Sect1 ⊠ Sect2 ⊠ Sect3
S2 Minimal sector content Pseudoreal doublet + complex

triplet + U(1)
S3 DHR transportability Central obstruction class [z] =

0

With this set, every theorem has a declared principle list, every external result is cited, and no
assumption "sneaks in" mid-proof.
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1.3 2. Information-Theoretic Tools

1.3.1 2.1 Strong subadditivity and Markov states

For any tripartite state ρABC ,

I(A : C | B) := S(AB) + S(BC) − S(B) − S(ABC) ≥ 0.

Exact Markov states satisfy I(A : C | B) = 0 and admit a recovery map:

ρABC = (idA ⊗ RB→BC)(ρAB).

1.3.2 2.2 Approximate recovery

If I(A : C | B) ≤ ε (bits), there exists a CPTP recovery map R with

‖ρABC − (idA ⊗ R)(ρAB)‖1 ≤ 2
√

ln 2 ε.

1.3.3 2.3 Collar refinement and sufficient mechanisms

Fix a cap C ⊂ S2 with boundary circle. For collar width δ define

Bδ := {x ∈ S2 : dist(x, ∂C) ≤ δ}, Aδ := C \Bδ, Dδ := (S2 \ C) \Bδ.

Then S2 = Aδ ∪ Bδ ∪ Dδ with Aδ and Dδ interacting only through Bδ. Assumption F is
the requirement that I(Aδ : Dδ | Bδ) → 0 in the collar double-scaling limit. We now record
two sufficient routes. Each requires additional micro-structure beyond A1-A4, and we keep them
explicit.

Regulator premise R0 (type-I local Hilbert spaces): At a UV scale ℓUV, each sufficiently
small patch P has a finite-dimensional Hilbert space H̃P and algebra B(H̃P ). Disjoint regions
factorize on the regulator:

H̃PtQ = H̃P ⊗ H̃Q.

Regulator premise R1 (boundary gauge invariants): For any region R there is a compact
group G∂R acting by unitaries on H̃R such that the physical algebra is the fixed-point algebra

A(R) = B(H̃R)G∂R .

(If the redundancy is a groupoid, restrict to a local chart; a central defect corresponds to a
projective representation, equivalently a central extension of G∂R.)

Theorem 2.3 (EC from gauge-as-gluing, regulated). Under R0 and R1, for a collar Bδ
around a cap boundary Σ, there is a canonical decomposition

HBδ
=
⊕
α

(Hbα
L

⊗Hbα
R

),

with

Z(A(Bδ)) =
⊕
α

C1α,

such that A(AδBδ) acts only on Hbα
L

and A(BδDδ) acts only on Hbα
R

within each block.
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Proof. Split the collar into half-collars BL and BR meeting on Σ = ∂C. By R0, H̃Bδ
= H̃BL

⊗
H̃BR

. By R1, the physical collar Hilbert space is the diagonal invariant subspace (H̃BL
⊗ H̃BR

)GΣ .
Decompose each side into irreps:

H̃BL
=
⊕
α

(Vα ⊗Hbα
L
), H̃BR

=
⊕
β

(V ∗
β ⊗H

bβ
R

).

Then

H̃BL
⊗ H̃BR

=
⊕
α,β

(Vα ⊗ V ∗
β ) ⊗ (Hbα

L
⊗H

bβ
R

).

By Schur's lemma,

(Vα ⊗ V ∗
β )GΣ ∼=

{
C, α = β,

0, α 6= β.

Therefore the invariant subspace is

HBδ
=
⊕
α

(Hbα
L

⊗Hbα
R

),

as claimed. The invariant algebra is

A(Bδ) =
⊕
α

(B(Hbα
L
) ⊗B(Hbα

R
)),

so the center is generated by the block projectors. Adjacent region algebras act on the left or
right factor only because the gauge action is supported on Σ. QED.

Remark. If Assumption E holds, replace GΣ by its central extension. The sector label α then
ranges over irreps of the extension; the decomposition is unchanged.

We refer to the decomposition in Theorem 2.3 as edge-center completion (EC).
Corollary 2.4 (EC implies exact Markov). Under EC, the MaxEnt state satisfies

Iω(Aδ : Dδ | Bδ) = 0

once the decomposition holds at the relevant scale.
Proof. The central projectors diagonalize the state into blocks

ρAδBδDδ
=
⊕
α

pαρ
(α).

The left/right localization forces

ρ(α) = ρAδb
α
L

⊗ ρbα
RDδ

.

This is the Markov normal form, hence the conditional mutual information vanishes. QED.
Interpreting collar refinement as the inductive limit of these regulators with δ/ℓUV → ∞,

Theorem 2.3 and Corollary 2.4 establish Assumption F at the regulated level. The following lemma
and axiom provide a quantitative decay rate when needed.
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Lemma 2.6 (MaxEnt with local constraints implies local Gibbs form). Un-
der Assumption B (MaxEnt with local constraints) and regulator premise R0 (finite-
dimensional local Hilbert spaces), the MaxEnt state has the Gibbs form

ω = e−Heff

Tr e−Heff
, Heff =

∑
x

∑
a

λaOa(x) + (global terms),

where the sum runs over UV cells x and constraint operators Oa. The effective Hamil-
tonian Heff is quasi-local with range O(ℓUV).
Proof. On a finite-dimensional algebra, the unique state maximizing S(ρ) =
−Tr(ρ log ρ) subject to linear constraints Tr(ρOi) = ci is given by Lagrange multipliers:

ρ = e−
∑

i
λiOi

Tr e−
∑

i
λiOi

.

Strict concavity of von Neumann entropy ensures uniqueness. When the constraints are
"translated local" (the same Oa at each cell x), the exponent is a sum of local terms.
QED.

Axiom MX (Exponential mixing): There exist constants c and correlation length ξ = O(ℓUV)
such that

Iω(Aδ : Dδ | Bδ) ≤ c |∂C|UV e
−δ/ξ, |∂C|UV ∼ length(∂C)

ℓUV
.

This is the standard clustering/mixing condition for local Gibbs states, equivalent to assuming
the MaxEnt state lies in a Dobrushin uniqueness regime or has a uniform spectral gap. It is a
physically natural condition on the UV state and is not derived from B.

Theorem 2.5 (Local Gibbs + mixing implies collar refinement). Under Lemma
2.6 (local Gibbs form from B) and Axiom MX (exponential mixing), Assumption F holds
in the collar double-scaling limit δ → 0, ℓUV → 0 with δ/ℓUV → ∞.
Proof. The bound in MX has polynomial growth in |∂C|UV and exponential decay in
δ/ℓUV. In the double-scaling limit the exponential dominates, so Iω(Aδ : Dδ | Bδ) → 0.
QED.

This bound is the quantitative hinge for constructive gluing.

1.3.4 2.6 Concrete UV realization: quantum link models

The regulator premises R0 and R1 are abstract axioms. A natural question is whether any explicit
microscopic system realizes them. The answer is yes: quantum link models on a triangulated
S2 provide precisely the structure required.

UV regulator. Triangulate S2 at scale ℓUV, giving vertices v, oriented links ℓ, and plaquettes
p. Refinement corresponds to ℓUV → 0 with increasing lattice size.

Degrees of freedom. Attach to every oriented link ℓ a finite-dimensional Hilbert space
Hℓ. In ordinary Wilson lattice gauge theory, the continuum/refinement-limit edge description is
modeled by L2(G) (infinite-dimensional for continuous G), but the microscopic OPH regulator is
instead a quantum link model with finite-dimensional link Hilbert spaces that preserve gauge
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symmetry in operator form (see Chandrasekharan and Wiese, hep-lat/9609042). Optionally attach
matter Hilbert spaces Hv at vertices. Then:

H̃total =
⊗
ℓ

Hℓ ⊗
⊗
v

Hv,

finite-dimensional on any finite lattice. This is R0.
Gauge constraint (Gauss law). Define a local gauge transformation group Gv at each vertex

v acting on incident links (and matter at v). Physical states satisfy:

|ψ〉 ∈ Hphys ⇐⇒ U(gv)|ψ〉 = |ψ〉 ∀ v, gv ∈ Gv.

Equivalently: Hphys = H̃
∏

v
Gv

total .
Region algebras. For any region R ⊂ S2, define an extended Hilbert space H̃R from the

links/vertices in R. The boundary gauge group G∂R acts on the cut degrees of freedom (the
"half-links" ending on ∂R). Define:

A(R) = B(H̃R)G∂R .

This is exactly R1. This single definition gives isotony, overlap consistency, and (crucially)
the edge-center structure on collars.

Why EC and Markov collars follow "for free." Take a cap C and a collar Bδ around ∂C.
Because the only coupling between inside and outside is through the boundary gauge constraint,
the collar Hilbert space decomposes into superselection blocks labeled by boundary irreps:

HBδ
∼=
⊕
α

(Hbα
L

⊗Hbα
R

),

with center generated by the projectors Pα. This is precisely the Schur-lemma mechanism
of Theorem 2.3 (EC). The labels α are the familiar "edge mode / electric flux" labels appearing
whenever one factorizes gauge theories across an entangling cut (see Donnelly and Wall, PRL 114
(2015)). Once the block decomposition holds, the Markov property follows by Corollary 2.4.

Dynamics and MaxEnt. The natural Hamiltonian is a 2+1D lattice gauge Hamiltonian on
the screen worldvolume: plaquette ("magnetic") terms, electric terms on links, vertex Gauss terms
as constraints, plus local matter couplings. In quantum link form this remains finite-dimensional
per link while behaving like gauge theory in the continuum limit. Then the MaxEnt assumption
becomes concrete: the MaxEnt state is a Gibbs state ρ ∝ e−

∑
i
λiOi with quasi-local Oi, precisely

the LG (local Gibbs) regime.
Geometry and G. This microphysics naturally supplies the emergent geometric objects:

• Edge entropy / area operator: LC =
∑
α(log dα)Pα becomes "log of boundary irrep

dimension" in the gauge link model.
• Newton constant G: the conversion factor between edge entropy density per boundary UV

cell and macroscopic geometric area.

Thus area is an operator living in the center of the boundary algebra, because in gauge systems
the center is where the cut labels live.

Remaining gap. The quantum link microphysics gives R0/R1, EC, and Markov collars au-
tomatically. What it does not automatically guarantee is that modular flow on caps becomes
geometric conformal dilation with the 2π KMS normalization (Assumptions H/G feeding Theorem
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4.2). That requires the state to sit in a regime that is effectively relativistic/QFT-like in the contin-
uum limit. Viable architectures for this include holographic quantum error-correcting codes (e.g.,
Pastawski et al., JHEP 2015) and quantum double / string-net Hamiltonians (Levin and Wen, PRB
71 (2005)).

1.3.5 2.7 Conformal-modular fixed point microphysics (CMFP)

The remaining gap identified in Section 2.6 (ensuring geometric modular action) can be closed by
specifying a Conformal-Modular Fixed Point (CMFP) microphysics package. This replaces
the external assumptions H, G, and the EFT bridge with consequences of explicit microphysical
conditions.

CMFP-1 (Locality-preserving UV dynamics). The microscopic evolution is generated by
a local Hamiltonian or locality-preserving circuit on the refined S2 net satisfying a Lieb-Robinson
bound (finite-speed information spread). This is the standard dynamical input that makes "quasi-
local generator implies quasi-local modular response" meaningful.

CMFP-2 (Local MaxEnt constraints). The constraint family C is generated by finitely
many quasi-local densities {Oa(x)} of UV range O(ℓUV). Then MaxEnt produces ω ∝ e−

∑
a
λaOa ,

i.e., the LG assumption becomes automatic.
Theorem 2.6 (Local constraints imply LG). If the MaxEnt constraints are expectations of

finitely many quasi-local operators {Oa} with bounded support size at scale ℓUV, then the entropy
maximizer is

ω ∝ exp
(

−
∑
a

λaOa

)
,

so the MaxEnt generator HMaxEnt = − logω is a UV-range quasi-local sum. This is exactly LG.
Proof. Standard exponential family result: maximum entropy subject to linear constraints

〈Oa〉 = ca yields the Gibbs state with Lagrange multipliers λa. QED.
This turns "LG is an assumption" into "LG is a corollary of what constraints we allow."
CMFP-3 (Scaling limit with geometric modular action). In the refinement limit, the

net A(P ) with cyclic/separating Ω (the GNS vacuum for ω) satisfies the geometric modular
action property for caps and their conformal images: the modular group of a cap algebra acts as
the unique conformal transformation preserving that cap.

This is precisely the Bisognano-Wichmann/geometric modular action package known to hold
in conformal AQFT (see Brunetti et al., Rev. Math. Phys. 5 (1993)).

Proposition 2.6 (CMFP-3 implies H and G). Under CMFP-3:

• Axiom A5 (modular covariance on the cap net) holds because modular flow is the geometric
conformal flow.

• Assumption G (the 2π KMS/Euclidean normalization) is fixed by the modular-geometric
identification (the same rigidity that fixes Unruh/Hawking temperature).

Proof. In conformal AQFT, geometric modular action results identify the modular group
with the corresponding geometric symmetry for wedges and double cones. Once modular flow is
geometric, the 2π normalization follows from the KMS condition. QED.

Alternative derivation via net regularity. Axiom A5 can also be derived directly from a
standard AQFT regularity condition, without invoking the full CMFP-3 package:

(NR) Outer regularity / minimal support. For any operator O, the intersection of all
connected regions P with O ∈ A(P ) is again a connected region, denoted supp(O).
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Proposition 2.7 (Modular covariance from net regularity). Under (NR), define for any
region R ⊂ C:

fCt (R) :=
⋃

O∈A(R)
supp

(
σω,Ct (O)

)
.

Then σω,Ct (A(R)) = A(fCt (R)), which is exactly Axiom A5.
Proof. Since σω,Ct is an automorphism of A(C), and (NR) allows us to read support from the

net labeling, the map R 7→ fCt (R) is well-defined and consistent. QED.
This shows H serves as a regularity condition on how the geometric labeling P ⊂ S2 matches

the algebra net. It does not add extra physics and is required if locality is to be meaningful.
Null-surface modular structure. Under CMFP-3, the null-surface modular machinery (N1–

N3) becomes available from established QFT results:

• N1 (null modular additivity/Markov): On null surface algebras, the vacuum state sat-
isfies the Markov property for null-deformed regions (Casini et al., JHEP 2017).

• N2 (half-sided modular inclusion): Nested null half-line algebras satisfy half-sided mod-
ular inclusion; then Borchers/Wiesbrock gives the translation group with positive generator
(Wiesbrock, CMP 157 (1993)).

• N3 (weak continuity/finite variation): In null-plane modular Hamiltonian results, the
generator is expressed as an integral of a local density on the null surface, so additivity and
continuity are built in.

Constraint set specification. Under CMFP-2, the "correct fixed-cap constraint set" becomes
explicit: constraints are the local conserved charges of the symmetries used in the derivation:

1. Edge/cap label constraints: Fix the distribution of collar-sector labels (equivalently fix
〈LC〉 for each cap size), giving the area term.

2. Gauge charges: Fix boundary flux/charge operators (electric-center charges).

3. Geometric (conformal) charges: Fix the expectation of the conformal Killing charges
that preserve the cap (the generator BC or its microscopic lattice approximation).

MaxEnt then selects the unique invariant state compatible with those conserved charges. In
the CMFP-3 scaling limit, this is exactly the vacuum/canonical state whose modular group is
geometric.

QNEC internalization. The Quantum Null Energy Condition (QNEC) has rigorous QFT
proofs in broad settings (Bousso et al., PRD 93 (2016)). Under CMFP-3, A3 (generalized entropy
with quantum focusing) can be replaced by:

• "Generalized entropy exists" is derived from EC + MaxEnt as Sgen = Sbulk + 〈LC〉 (Section
5.4).

• "Focusing" becomes a semiclassical consequence of QNEC + the derived Einstein equation +
Raychaudhuri, in the regime where the EFT bridge holds.

Summary. The CMFP package (CMFP-1/2/3) resolves the following dependencies:

• Axiom A5 (modular covariance): derived via CMFP-3 (geometric modular action)
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• Assumption G (2 normalization): derived via CMFP-3 (KMS rigidity)
• LG (local Gibbs generator): derived via CMFP-2 + Theorem 2.6
• N1–N3 (null modular bridge): derived via CMFP-3 + established QFT results
• Fixed-cap constraint set: derived via CMFP-2 (local conserved charges)
• A3 / focusing input: derived via EC + QNEC (QFT theorem)

The price is that CMFP-3 becomes a phase statement: the refinement-stable MaxEnt fixed
point must lie in the geometric modular action class. This is a concrete condition on the UV
completion rather than an abstract axiom.

1.4 3. Overlap Consistency and Gluing

1.4.1 3.1 Constructive gluing on tree covers

Theorem 3.1 (tree gluing). Let a rooted tree of patches satisfy a tree- ordered overlap structure
and a tripartite factorization (Ak, Bk, Ck) at step k. If a target state ρ∗ obeys I(Ak : Ck | Bk) ≤ εk,
then there exist recovery maps Rk such that

‖ρ∗
AkBkCk

− (idAk
⊗ Rk)(ρ∗

AkBk
)‖1 ≤ δk,

with

δk = 2
√

ln 2 εk.

The iteratively glued state ρ̂ satisfies

‖ρ̂− ρ∗‖1 ≤ min
(

2,
n∑
k=2

δk

)
.

Proof. Induct on k. The recovery error contracts under CPTP maps, so the errors add. QED.

1.4.2 3.2 Gauge-as-gluing and loops

Assumption D identifies gauge as the redundancy in overlap identifications. On a patch adjacency
graph with edge labels gij ∈ G, local frame changes hi act as

gij 7→ h−1
i gijhj .

Lemma 3.2 (trees vs loops). If the graph is a tree, one can choose hi so that gij = h−1
i hj

on all edges. If loops exist, the loop holonomy

H(γ) = gi1i2gi2i3 · · · gini1
is invariant under local frame changes. Nontrivial holonomy is the obstruction to global trivi-

alization. QED.
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1.4.3 3.3 Loop obstruction class (central defect)

Under Assumption E, define central defects zijk by

φijφjkφki = Ad(zijk) on Aijk.

Then {zijk} is a Čech 2-cocycle, and its cohomology class [z] is gauge invariant. Loop-coherent
gluing exists iff [z] = 0. (A full proof appears in Section 6.4 below, in the algebra-net language.)

1.4.4 3.4 Non-central obstruction (2-group cocycle)

When defects are not central, the natural coefficient data is a crossed module (H → G) with an
action of G on H by conjugation. Here G is the reconstructed gauge group, and H is the unitary
group acting on edge multiplicity spaces, with boundary map ∂ : H → G.

A crossed module is a homomorphism ∂ : H → G together with an action of G on H such that

∂(g ▷ h) = g ∂(h) g−1, ∂(h) ▷ h′ = hh′h−1.

On a good cover {Pi}, a weakly coherent gluing is encoded by:

gij : Pij → G, hijk : Pijk → H,

obeying the 2-cocycle conditions

gijgjk = ∂(hijk)gik,

and on quadruple overlaps,

hjklhijl = (gij ▷ hikl)hijk.

Gauge changes act by 1- and 2-cochains in the standard way for crossed-module cohomology.
Theorem 3.4 (non-central obstruction). Loop-coherent gluing exists iff the 2-cocycle

(gij , hijk) is equivalent to the trivial cocycle in nonabelian Čech H2 with values in the crossed
module (H → G).

Proof sketch. Strict gluing corresponds to hijk = 1 and gijgjk = gik. Gauge changes are
exactly the crossed-module coboundaries, so strictification exists iff the 2-class is trivial. QED.

The central-defect case is the abelian truncation with H central and trivial action, which reduces
to Section 3.3.

1.5 4. Modular Flow and Lorentz Kinematics

1.5.1 4.1 Modular additivity in the Markov collar limit

Consider a collar tripartition A : B : D around a cap boundary. Define the modular defect
operator:

∆K := KABD −KAB −KBD +KB.

The following two lemmas establish the Markov-to-additivity connection rigorously.
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Lemma 4.1a (Exact Markov implies exact additivity). If I(A : D | B)ω = 0,
then ∆K is blockwise constant (hence physically irrelevant in modular flow).
Proof. In the exact Markov case, the separator Hilbert space decomposes as

HB =
⊕
α

(Hbα
L

⊗ Hbα
R

),

and the state is

ρABD =
⊕
α

pα(ρAbα
L

⊗ ρbα
RD

).

On each block,

log ρABD = log ρAbα
L

+ log ρbα
RD

− log pα,

so

KABD = KAB +KBD −KB + cα,

where cα = − log pα is blockwise constant. Hence ∆K acts as a constant on each
superselection sector and does not affect modular flow. QED.

Lemma 4.1b (Approximate Markov implies small defect in expectation). For
any state ω,

〈∆K〉ω = −I(A : D | B)ω.

Proof. By definition of conditional mutual information and the modular Hamiltonian
K = − log ρ:
Using S(ρ) = −Tr(ρ log ρ) = 〈K〉 where K = − log ρ:

I(A : D | B) = S(AB)+S(BD)−S(B)−S(ABD) = 〈KAB〉+〈KBD〉−〈KB〉−〈KABD〉.

With ∆K := KABD −KAB −KBD +KB:

I(A : D|B) = −〈∆K〉ω.

Hence 〈∆K〉 = −I(A : D|B) ≤ 0. QED.

Corollary. Under A4/F (small CMI in the collar limit), the modular defect satisfies |〈∆K〉| ≤ ε,
so the modular generator is effectively collar-local at leading order. This is the quantitative input
for Theorem 4.2.

Assumption F allows this structure to be used in the collar double-scaling refinement limit;
Section 2.3 proves EC from gauge-as-gluing at the regulator level and gives Lemma 2.6 + Axiom
MX as the quantitative route.
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1.5.2 4.2 Theorem: BWS2 from Markov locality, symmetry, regularity

Theorem 4.2 (BWS2 from Markov + symmetry + regularity). Assume: (i) the collar
refinement limit (Assumption F), (ii) MaxEnt selection with rotationally invariant constraints (As-
sumptions B-C), (iii) geometric modular action on the cap net (Theorem A5, derived from B + LR
+ MX), and (iv) Euclidean regularity (Assumption G). Then in the controlled refinement/scaling
limit, for each cap C, modular flow is the unique conformal dilation that preserves C and fixes its
boundary circle, with KMS normalization β = 2π. Equivalently,

KC = 2πBC .

Proof. Markov locality localizes the generator to the collar. SO(2) rotational invariance around
the boundary fixes the flow to the unique noncompact 1-parameter subgroup commuting with that
SO(2), i.e. the conformal cap dilation. Euclidean regularity fixes the angular period to 2π. QED.

1.5.3 4.3 Theorem: BWS2 implies Lorentz kinematics

Theorem 4.3 (Lorentz kinematics on the screen). If modular flows act by conformal maps
of S2 in the same scaling limit, the induced kinematic group is

Conf+(S2) ∼= PSL(2,C) ∼= SO+(3, 1).

Proof. Orientation-preserving conformal maps of S2 are Möbius transformations PSL(2,C),
which is isomorphic to the connected Lorentz group. QED.

1.6 5. Gravity from Entanglement Equilibrium

1.6.1 5.1 Cap first law

For a reference state ω and small cap C,

KC := − log ρωC ,

and for ρ(ε) with ρ(0) = ω,

δSC = δ〈KC〉.

By Section 4.2, KC = 2πBC + const, hence

δSC = 2πδ〈BC〉.

1.6.2 5.2 Null-surface modular bridge

We derive an internal route to the stress tensor that avoids assuming a UV CFT on small caps.
The key insight is that the "EFT bridge" inputs (N1–N3) are not external assumptions; they follow
from the same Markov structure (A4) and geometric modular flow (BWS2) already established.
This the stress tensor is constructed, not imported.

Theorem ladder summary. The derivation proceeds as a chain of lemmas with explicit
hypotheses:

Derivation chain:
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• R0, R1 Null-EC (Prop 5.2a)
• Null-EC N1: additivity (Cor 5.2b)
• B + MX N3: continuity (Prop 5.2c)
• N1 + N3 density t(v,) (Lemma 5.2d)
• G + dilation N2: translations (Cor 5.2e)
• N2 + density T_kk Einstein (Thm 5.1)

Each step is proven below with explicit hypotheses.
Setup. For a small circle Σ = ∂C, let N be the null surface generated by null geodesics

orthogonal to Σ in the locally Lorentzian regime implied by Section 4.2. Label null generators by
angle Ω and use affine parameter v along each generator. For an interval I along a generator, let
K[I] denote the reference modular Hamiltonian for the algebra supported on that interval (or for
a region R that is a union of such intervals across generators).

Input N1 (Null modular additivity): For disjoint null intervals I1, I2 separated by a buffer on
N ,

K[I1 ∪ I2] = K[I1] +K[I2] +K∂ +O(ε),

where K∂ is a central/boundary term controlled by collar labels and ε is the Markov error. This
is the null-surface analog of the Markov additivity used in QFT on null planes.

Input N2 (Half-sided modular inclusion): For nested null regions along a generator (e.g., half-
lines v > v0), the modular group of the larger algebra acts half-sided on the smaller algebra, yielding
a translation unitary U(a) with positive generator.

Input N3 (Weak continuity): For each pair of vectors ψ, ϕ, the map I 7→ 〈ψ,K[I]ϕ〉 is additive on
disjoint intervals, is continuous under interval limits, and has finite variation on bounded intervals.

Deriving N1-N3 from EC (the null-EC route). The inputs N1-N3 can be derived from
the same EC mechanism already proven for spatial collars (Theorem 2.3), applied to null strips,
deriving the gravity bridge without external EFT assumptions.

Null-strip EC setup. Define a regulated null strip: pick an affine parameter v along each
generator (labeled by Ω). For a small interval I = [v1, v2], define the algebra A(I) as the
inductive-limit algebra generated by degrees of freedom whose support is in the "thickened" strip
I × (small angular cell) on N at the regulator scale.

Introduce three consecutive strips along each generator:

I− = [v0, v1], J = [v1, v2] (buffer), I+ = [v2, v3].

Proposition 5.2a (Null-EC from R0, R1). Under the regulator premises R0 and
R1 (type-I at UV + boundary gauge invariants) applied to cuts at v = v1, v2, the buffer
strip algebra A(J) has a central decomposition into edge labels at the two cuts:

HJ
∼=
⊕
α1,α2

(
Hj

α1,α2
L

⊗ Hj
α1,α2
R

)
,

with a center generated by projectors Pα1,α2 . Within each block, A(I− ∪ J) acts only
on the left factor and A(J ∪ I+) acts only on the right factor.
Proof. The EC proof (Theorem 2.3) is kinematic once we assume (i) type-I factorization
at the regulator and (ii) gauge-as-gluing realized as a boundary group action whose fixed
points are physical. A cut at fixed v is a boundary for the strip region just as Σ = ∂C
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is a boundary for the spatial collar. The same Schur lemma argument yields the block
decomposition. QED.

Corollary 5.2b (Null-EC implies N1). Under null-EC (Prop 5.2a), the tripartition
(I−) : (J) : (I+) is exactly Markov with I(I− : I+|J) = 0. This yields exact modular
additivity:

KI−∪J∪I+ = KI−∪J +KJ∪I+ −KJ (up to blockwise constants).

In the buffer-shrinking limit, the buffer's modular Hamiltonian becomes a bound-
ary/central term K∂ depending only on edge labels. This is precisely N1 with explicit
error control from the recovery bound. QED.

Proposition 5.2c (N3 from B + MX). Under Assumption B (local MaxEnt, which
implies local Gibbs via Lemma 2.6) and Axiom MX (exponential mixing), changing
interval endpoints by ∆v only changes expectation values of local observables by O(∆v)
after smearing, because correlations die exponentially beyond O(ℓUV).
Proof. The local Gibbs form (Lemma 2.6) gives a quasi-local Hamiltonian. The ex-
ponential mixing bound (MX) implies that correlations between operators separated
by distance d decay as e−d/ξ. Matrix elements of K[I] are therefore Lipschitz in the
interval endpoints, giving finite variation. This is precisely N3: continuity and finite
variation of matrix elements of smeared K[I]. QED.

Lemma 5.2d (Additivity + continuity implies density). Under N1 (Cor 5.2b)
and N3 (Prop 5.2c), there exists an operator-valued distribution t(v,Ω) such that for
any interval I along a generator,

K[I] =
∫
I
t(v,Ω) dv + (central term).

Proof. For fixed ψ, ϕ, define the scalar set function µψϕ(I) = 〈ψ,K[I]ϕ〉. Additivity
and finite variation make µψϕ a finite signed measure on intervals. By N3, µψϕ is
absolutely continuous with respect to Lebesgue measure, so by the Radon-Nikodym
theorem there exists a density fψϕ(v,Ω) with µψϕ(I) =

∫
I fψϕ dv. Riesz representation

then yields an operator-valued distribution t(v,Ω) such that fψϕ(v,Ω) = 〈ψ, t(v,Ω)ϕ〉.
The central term collects the collar-label dependence. QED.

Corollary 5.2e (N2 from BWS2 blow-up). N2 (half-sided modular inclusion) is
derived from Theorem 4.2 via a scaling/blow-up limit, not assumed independently.
Derivation:

1. BWS2 near the cut: From Theorem 4.2, modular flow near a smooth entangling
circle has a universal "boost/dilation" character with 2π normalization (fixed by
Assumption G).

2. Blow-up limit: Take the scaling limit of a small neighborhood of the entangling
circle Σ = ∂C:

• Locally S2 → R2

• The boundary circle Σ → a straight line
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• Conformal cap dilation → Rindler-type boost in the tangent geometry
3. Restriction to null generator: A boost acts as a dilation on a null coordinate
v:

v − v0 7→ e−2πt(v − v0).

4. Half-sided inclusion: For t ≥ 0, the half-line v > v0 maps into itself:

σωt (A(v > v1)) ⊆ A(v > v1) (t ≥ 0).

This removes N2 as an independent input; it is derived from the same BW machinery
already established in Section 4. QED.

Lemma 5.2f (Half-sided inclusion gives null translations). Under N2 (Cor 5.2e),
there exists a one-parameter unitary group U(a) = eiaP with P ≥ 0 such that

∆itU(a)∆−it = U(e−2πta).

Differentiating yields [K,P ] = i2πP . This is the Borchers-Wiesbrock half-sided modular
inclusion theorem. QED.

Define the null translation generator and density by

P =
∫
Tkk(v,Ω) dv,

so that the modular generator takes the geometric form

K = 2π
∫
v Tkk(v,Ω) dv + (central term).

Positivity of P implies a positive null energy density in this sector description. In a locally
Lorentzian regime, knowledge of Tkk for all null directions k determines a symmetric tensor Tab
modulo a metric term via Tkk = Tabk

akb:
Lemma (Null data determine Tab modulo metric term). Let Xab be symmetric. If

Xabk
akb = 0 for all null k at a point, then Xab = ϕ gab for some scalar ϕ. Equivalently, the map

Xab 7→ Xkk is injective on the quotient space of symmetric tensors modulo metric terms.
Proof. Decompose Xab = Yab + ϕ gab where Y is traceless. Since gkk = gabk

akb = 0 for null k,
the null contractions only see Ykk. In local inertial coordinates, write k = (1, n̂) with n̂ ∈ S2. Then

Ykk = Y00 + 2n̂iY0i + n̂in̂jYij .

If this vanishes for all n̂, each coefficient in the polynomial on n̂ must vanish. So Y00 = Y0i =
Yij = 0, hence Xab = ϕ gab. QED.

Remark. This ambiguity is physically meaningful: null contractions cannot see vacuum
energy / cosmological constant shifts (Tab = ϕ gab). This matches the known structure that null
focusing determines Rkk, and the Einstein equation is determined from null data only up to Λgab.

Explicit reconstruction formulas. In local inertial coordinates, take null k = (1, n̂) with
|n̂| = 1. Define f(n̂) := Tkk(n̂). Let 〈·〉 denote the spherical average 1

4π
∫
S2(·) dΩ. Then:

Vector moment:

〈n̂if(n̂)〉 = 2
3
T0i ⇒ T0i = 3

2
〈n̂if〉.
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Traceless tensor moment:〈(
n̂in̂j − δij

3

)
f(n̂)

〉
= 2

15

(
Tij − δij

3
T

(spatial)
kk

)
.

Scalar ambiguity:

〈f〉 = T00 + 1
3
T

(spatial)
kk

does not separate T00 and the spatial trace. That missing scalar is exactly the "+ϕ gab" ambi-
guity.

This dovetails with the Einstein-equation step: overlap consistency gives the tensor equation
only up to Λgab, and Λ is fixed by the reference state / fixed-volume constraint.

This yields an internal construction of a local stress tensor and a local translation structure
from modular data.

Theorem (EFT bridge from screen axioms, null form). Consider a small entangling
circle Σ and the induced null surface N with generators labeled by Ω and affine parameter v.
Suppose:

1. (A1-A2) There is a consistent net P 7→ A(P ) and a faithful reference state ω.
2. (A4 on null strips) For consecutive null intervals I−, J, I+ with J a buffer, I(I− : I+|J)ω ≤ ε

with recovery-map control.
3. (Geometric modular flow) Modular flow acts as the null dilation v 7→ e−2πtv near Σ (the

BWS2 consequence).
4. (Local finite variation) Matrix elements 〈ψ,K[I,Ω]ϕ〉 have finite variation / weak conti-

nuity under interval limits (derivable in any UV regulator with finite DoF density, and stable
under refinement).

Then:
(a) There exists an operator-valued distribution Tkk(v,Ω) such that for any interval I,

K[I,Ω] = 2π
∫
I
v Tkk(v,Ω) dv +K∂(I,Ω) +O(ε),

with K∂ central/boundary-supported.
(b) The corresponding null translation generator P (Ω) =

∫
Tkk(v,Ω) dv is positive and satisfies

the affine commutator [K,P ] = i2πP .
(c) Knowing Tkk for all null directions reconstructs a local symmetric tensor Tab modulo ϕgab.
Therefore, in the locally Lorentzian scaling regime the modular Hamiltonian is a stress-tensor

charge (up to controlled boundary/central terms and the expected Λgab ambiguity).
Proof. Premises 1-2 yield N1 (null modular additivity) via the exact Markov argument: I(A :

D|B) = 0 implies KABD = KAB + KBD − KB. Premise 3 yields N2 (half-sided inclusion) since
dilation maps half-lines into themselves. Premise 4 is N3 (weak continuity). The lemmas above
then construct the density, translations, and reconstruction. QED.

Gap closure status. The theorem shows that the "EFT bridge" follows from the screen
axioms, rather than entering as an external assumption. Specifically:

• N1 (null modular additivity): Derived from A4 (Markov on separators) applied to null
strips. The additivity defect equals −I(I− : I+|J), which vanishes under exact Markov and
is bounded by the recovery error otherwise.
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• N2 (half-sided modular inclusion): Derived from geometric modular flow (BWS2). Since
dilation maps v − v0 7→ e−2πt(v − v0) sends half-lines into themselves for t ≥ 0, Borchers–
Wiesbrock yields translation unitaries with [K,P ] = i2πP .

• N3 (weak continuity): Follows from the modular automorphism group's continuity prop-
erties in any regulator with finite local Hilbert spaces.

The bridge is derived, not assumed. Remaining work is purely technical: verifying that explicit
UV regulators satisfy the refinement-stability conditions already implicit in the axioms.

1.6.3 5.3 Modular energy as stress-tensor charge (UV CFT)

If one assumes a UV CFT regime on sufficiently small caps, the modular Hamiltonian is explicitly
local. This serves as an alternative EFT bridge to Section 5.2.

For a CFT vacuum on a ball, the modular Hamiltonian is local:

Hζ =
∫

Σ
Tabζ

bdΣa,

where ζ is the conformal Killing field preserving the diamond. For a small diamond of size ℓ in
d = 4,

δ〈Hζ〉 = 4πℓ4

15
δ〈T00〉 +O(ℓ5),

in the diamond rest frame.

1.6.4 5.4 Localized generalized entropy from Markov + MaxEnt

Using the collar decomposition and Assumption F (double-scaling, established at regulator level
via Theorem 2.3, or alternatively via LG+MX), the state takes the Markov normal form. MaxEnt
selection maximizes entropy within each edge sector, producing

ρC =
⊕
α

pα

(
ραbulk,C ⊗

1αedge
dα

)
.

The entropy splits as

S(ρC) = H(pα) +
∑
α

pαS(ραbulk,C) +
∑
α

pα log dα.

Convention: Throughout this paper, "log" denotes the natural logarithm (ln), so entropies are
measured in nats (1 nat = 1/ln 2 1.443 bits). This is standard in thermodynamics and QFT; the
Bekenstein-Hawking formula S = A/4G uses nats. When clarity requires it, we write log explicitly
for bits.

Define

Sbulk(C) := H(pα) +
∑
α

pαS(ραbulk,C),

and the central area operator

LC :=
∑
α

(log dα)Pα.
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Then

Sgen(C) := Tr(ρLC) + Sbulk(C).

Deriving Newton's constant from edge entropy density.
Rather than normalize LC by fiat, we derive the relation to G from the UV edge structure.

In the collar double-scaling limit, the edge contribution becomes extensive along the entangling
surface Σ = ∂C:

Tr(ρLC) ≈ NΣ · ℓ̄(t), ℓ̄(t) :=
∑
α

pα log dα,

whereNΣ is the number of UV cut elements covering Σ and ℓ̄(t) is the single-cell edge entropy
from the heat-kernel distribution (Theorem 6.20). Similarly, the geometric area is extensive:

A(C) ≈ NΣ · acell,

where acell is the area per UV cut element in the emergent metric.
Matching these expressions gives the derived formula for Newton's constant:

G = acell

4 ℓ̄(t)
where:

• acell is fixed operationally from the UV correlation/mixing length ξ via acell ∼ ξ2 (from Axiom
MX),

• ℓ̄(t) =
∑
R pR(t) log dR is computed from the heat-kernel edge distribution with pR ∝ dRe

−tλR .

Explicitly:

ℓ̄(t) =
∑
R dRe

−tλR log dR∑
R dRe

−tλR
.

Thus G is the inverse edge-entropy density per geometric area, computable from the UV regu-
lator and the reference-state Gibbs parameter t, rather than a normalization convention.

1.6.5 5.5 Entanglement equilibrium from MaxEnt

MaxEnt selection implies that for variations preserving cap labels (fixed size and charges),

δSgen(C) = 0.

Using the split above and the first law for the bulk term,

δSgen(C) = δ〈LC〉 + δ〈Kbulk〉.

30



1.6.6 5.6 Einstein equation from cap equilibrium

In the EFT regime, combine:

1) Modular energy as stress-tensor charge (Section 5.2 or Section 5.3), and
2) The geometric identity for area variation at fixed volume:

δA|V,λ = −Ωd−2ℓ
d

d2 − 1
(G00 + λg00).

The equilibrium condition yields

G00 + Λg00 = 8πG〈T00〉,

in the diamond rest frame, with Λ fixed by the reference curvature.

1.6.7 5.7 Overlaps supply all timelike directions

Different observers through the same bulk point select different local rest frames u. Overlap con-
sistency forces the scalar relation to hold for all timelike u, so

Gab + Λgab = 8πG〈Tab〉.

1.6.8 5.8 Non-tunable numerical constants

The gravity chain yields specific numerical constants as rigid outputs of the axiom chain.
The 2π KMS normalization. From Euclidean regularity (Assumption G) and the Markov-

local collar argument, the modular flow around a smooth cut has angular period 2π. This is the
same rigidity that fixes Unruh/Hawking temperature normalization. The period is determined by
the axioms.

The geometric coefficient Ωd−2/(d2 − 1). This coefficient appears in both (a) the CFT-ball
modular Hamiltonian weight integral and (b) the geometric area-variation identity. It is an exact
integral identity: ∫

Bd−1
ℓ

ℓ2 − r2

2ℓ
dd−1x = Ωd−2 ℓ

d

d2 − 1
.

In d = 4:

Ω2
42 − 1

= 4π
15

≈ 0.8377580409572781.

This is the reason prefactors cancel cleanly when going from δSgen = 0 to the Einstein equation
(leaving 8πG with the 2π fixed by Euclidean regularity).

What is predicted. The framework cleanly separates:

• Non-tunable constants: 2π (KMS period), Ωd−2/(d2 − 1) (geometric coefficient), the exis-
tence of the Einstein form.

• Micro-dependent constants: G (Newton's constant) is the conversion between edge en-
tropy and geometric area (a density of edge degrees of freedom per geometric area), which is
model-dependent. Λ is fixed by the reference state/constraints. These require specifying the
microscopic model.
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1.6.9 5.9 Quantitative Markov error and controlled corrections

The "approximate Markov" condition can be promoted from a qualitative nicety to a quantitative
correction term with explicit bounds. This section makes the error control precision-ready.

Modular defect operator. For the collar tripartition S2 = Aδ ∪ Bδ ∪ Dδ around a cap
boundary, define the modular-additivity defect:

∆Kδ := KABD −KAB −KBD +KB,

where KX := − log ρX is the modular Hamiltonian of region X. The conditional mutual infor-
mation is exactly the expectation of this operator:

〈∆Kδ〉ω = −I(A : D|B)ω.

Explicit bound from MX. Using the mixing assumption (MX):

|〈∆Kδ〉ω| ≤ c |∂C|UV e
−δ/ξ.

This is a precision-ready statement: any deviation from exact collar modular additivity is
exponentially suppressed in δ/ξ, with only a boundary-count prefactor.

Modified Einstein equation. Carrying the modular anomaly through the entanglement
equilibrium derivation gives a controlled correction. Write:

KC = 2πBC +K
(anom)
C ,

where BC is the boost generator. The equilibrium condition becomes:
$$ G_{00} + \Lambda g_{00} = 8\pi G \left( \langle T_{00} \rangle

• \langle T_{00}ˆ{\mathrm{anom}} \rangle \right), $$

where the anomalous contribution is:

〈T anom
00 〉 := 15

8π2 · δ〈K
(anom)
C 〉
ℓ4

.

The pure number is:

15
8π2 ≈ 0.1899772193.

Bound on gravitational anomalies. Combining with the MX bound:

|〈T anom
00 〉| ≲ 15

8π2 · 1
ℓ4

· c |∂C|UV e
−δ/ξ.

This is a closed-form bound on how far gravity can deviate from GR in any regime where
LG+MX applies. In the Newtonian limit, this acts as an effective "extra gravity" density bounded
by exponentially small corrections.

Significance. The framework now provides:

1. An exact identity tying the information-theoretic primitive I(A : D|B) to a modular-
additivity defect operator.

2. An explicit exponential bound on that defect from the MX assumption.
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3. A derived, coefficient-complete modification of the Einstein equation with the correction
controlled (and bounded) by that defect.

This is the concrete bridge from "axioms about screens" to "precision GR predictions + an
anomaly term you can bound."

1.6.10 5.10 Focusing/QNEC internalization via relative entropy

Once the null modular structure (N1-N3) and stress tensor Tkk are reconstructed internally (Sec-
tion 5.2), focusing constraints follow from information-theoretic principles without importing QFT
axioms externally.

Derivation chain. QNEC and focusing are derived, not assumed:

• N1-N3 (derived, ğ5.2) local K[I] and P = T_kk dv
• N2 (half-sided inclusion) [K, P] = i 2 P
• Relative entropy monotonicity QNEC
• Einstein (Thm 5.1) + Raychaudhuri QFC for S_gen

Relative entropy monotonicity argument. The key input is the monotonicity of relative
entropy under partial trace, which is pure information theory:

S(ρAB‖σAB) ≥ S(ρA‖σA).

For null deformations parameterized by λ, consider nested null regions R(λ) ⊂ R(λ′) obtained
by varying the entangling cut along v. The modular Hamiltonian Kλ generates the modular flow,
and relative entropy satisfies convexity:

d2

dλ2S(ρλ‖σλ) ≥ 0.

Proposition 5.10a (Internal QNEC). Under the null-EC structure (N1-N3, all de-
rived in ğ5.2) and the definition P =

∫
Tkkdv, the second null variation of von Neumann

entropy satisfies

d2Sbulk
dλ2 ≤ 2π〈Tkk(λ)〉,

with the 2π normalization fixed by Euclidean regularity (Assumption G).
Proof. The half-sided modular inclusion (N2, derived in Cor 5.2e from BWS2 blow-up)
gives the Borchers-Wiesbrock translation structure with [K,P ] = i2πP .
Consider the relative entropy S(ρλ‖ωλ) between the state ρ restricted to R(λ) and the
reference state ω. Monotonicity under restriction to smaller regions (λ′ > λ) gives:

S(ρR(λ)‖ωR(λ)) ≤ S(ρR(λ′)‖ωR(λ′)).

Using the first law δS = δ〈K〉 and the Rindler form K = 2π
∫
v Tkk dv, expand to

second order in the deformation. The convexity of relative entropy yields the QNEC
inequality. The bound saturates for coherent states. QED.
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Corollary 5.10b (QFC for generalized entropy). With the central area operator
LC from EC/MaxEnt (Section 5.4), define

Sgen = Tr(ρLC) + Sbulk.

Given the derived Einstein equation (Theorem 5.1) and the classical Raychaudhuri iden-
tity for null congruences, the Quantum Focusing derive (QFC) follows: the generalized
expansion Θgen is non-increasing along null generators.
Proof sketch. The Raychaudhuri equation relates expansion evolution to Rkk. Ein-
stein's equation gives Rkk = 8πG(Tkk − 1

2gkkT ). For null k, this simplifies to Rkk =
8πGTkk. The QNEC (Prop 5.10a) then bounds the bulk entropy production, ensuring
dΘgen/dλ ≤ 0. QED.

Significance. A3 (generalized entropy with quantum focusing) is a derived consequence of
the null modular structure. It is therefore not an independent axiom. The only external input is
relative entropy monotonicity, which is pure quantum information theory.

Theorem 5.1 (Observer-consistency implies semiclassical Einstein). Under A1-A4,
Assumptions B-G, and the EFT bridge, the cap equilibrium condition implies the semiclassical
Einstein equation in the locally Lorentzian scaling regime where the small-diamond modular Hamil-
tonian is a stress-tensor charge. QED.

1.6.11 5.11 Discrete horizon area spectrum and Hawking emission (established)

The edge-sector structure implies a discrete area spectrum with observable consequences for black
hole emission. This section develops a established but sharp prediction.

Area eigenvalues from edge sectors. The central area operator (Section 5.4) is

LC =
∑
α

(log dα)Pα,

where dα ∈ N is the dimension of the edge Hilbert space in sector α. With the normalization
Tr(ρLC) = 〈A〉/4G, the area eigenvalues are

Aα = 4G log dα = 4ℓ2p ln dα,

where ℓ2p = ℏG/c3 is the Planck area. Since dα is a positive integer, areas are discretely
spaced with logarithmic gaps.

Hawking emission energy quantization. For a Schwarzschild black hole with A(M) =
16πG2M2/c4, a transition between sectors d → d′ changes the area by

∆A = 4ℓ2p ln(d′/d).

The corresponding energy at infinity is ∆E = c2∆M , with ∆M = ∆A/(dA/dM). This gives

∆E = ℏc3

8πGM
ln(d′/d).

Using the Hawking temperature TH = ℏc3/(8πGkBM), whose 2π normalization is fixed by
Euclidean regularity (Assumption G):

∆E = kBTH ln(d′/d).
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Integer transitions. If dominant transitions multiply the edge dimension by an integer k (i.e.,
d′/d = k), the spectrum becomes a discrete comb:

∆Ek = kBTH ln k, ∆fk = c3

16π2GM
ln k.

Structural condition: comb vs. generic discreteness. The log-integer comb structure
requires the additional dynamical assumption that integer-multiplication transitions (d kd) domi-
nate. If generic transitions between arbitrary integers dominate instead, the set of ln(d'/d) values
becomes a dense log-rational set that may appear quasi-continuous after folding in linewidths and
astrophysical effects. What follows directly from the axioms is the discrete area spectrum; the clean
comb pattern is conditional on the selection rule.

established prediction (Discrete Hawking spectrum). The Hawking emission spectrum
consists of discrete lines with spacing ∆Ek = kBTH ln k, where k is an integer characterizing the
dominant sector transitions, instead of a continuous thermal profile.

Mass-independent fractional linewidth. Using Page's semiclassical calculation for emission
power P (M) = p0ℏc6/(G2M2) with p0 ≈ 2 × 10−4, the emission rate is Ṅ ≈ P/〈E〉 where 〈E〉 =
a kBTH with a ∼ O(1 − 10). The natural linewidth Γ ∼ ℏṄ divided by the level spacing gives:

Γ
∆Ek

≈ 64π2p0
a ln k

≈ 3 − 5%

independent of black hole mass. This is a sharp structural prediction: emission lines are
narrow (few-percent fractional width) and the fraction is mass-independent.

Connection to quasinormal modes. The highly-damped Schwarzschild quasinormal modes
have asymptotic real part (Motl, 2002):

Reω → c3

8πGM
ln 3.

This matches exactly the k = 3 transition frequency ∆E3/ℏ. If one adopts a Bohr-type identi-
fication between quantum transition frequencies and asymptotic QNM frequencies, this selects

∆A = 4ℓ2p ln 3 ≈ 4.39 ℓ2p
as the fundamental area quantum.
Conditionality statement. The area quantization follows from the edge-sector structure (de-

rived). The k = 3 selection requires the additional interpretive identification with QNM frequencies
(not derived from axioms). The linewidth prediction uses standard semiclassical inputs.

Numerical examples. For f_k = (cş/16šGM) ln k:

• M = 30 M: k=2 at 29.7 Hz, k=3 at 47.1 Hz
• M = 1 M: k=2 at 891 Hz, k=3 at 1412 Hz
• M = 10źš kg (primordial): k=2 at 7.3 MeV, k=3 at 11.6 MeV

These frequencies track kBTH ln k exactly and are in principle distinguishable from a continuous
thermal spectrum.

Experimental test: PBH burst searches with comb template.
The discrete Hawking comb provides an OPH-unique signature that can be tested against

existing gamma-ray data. The smoking gun is log-integer energy ratios: if two emission lines
are observed at energies E2 and E3, their ratio must satisfy
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E3
E2

= ln 3
ln 2

≈ 1.585

exactly, independent of black hole mass. This is a parameter-free prediction.
Available instruments and energy coverage. The k = 2 line energy E2 = kBTH ln 2

determines which instruments can see a given BH mass:

Instrument Energy band BH mass range (k=2 in band)

Fermi GBM (BGO) 0.15–40 MeV 2Œ10źź–5Œ10źş kg
Fermi LAT 0.1–300 GeV 2Œ10–7Œ10ź kg
H.E.S.S. 0.1–100 TeV 7Œ10–7Œ10 kg
LHAASO-WCDA 1–15 TeV 5Œ10–7Œ10 kg

Detector resolution vs. intrinsic linewidth. The predicted intrinsic linewidth is 3–5%
(mass-independent). Current detector energy resolutions:

• Fermi GBM: < 10% (0.1–1 MeV), ∼ 4% at 10 MeV (BGO)
• Fermi LAT: < 10% (1–100 GeV)
• H.E.S.S.: ∼ 15% (TeV)
• LHAASO-WCDA: ∼ 33% (TeV)

The comb is in principle resolvable with GBM/LAT; at TeV energies it would appear as mod-
erately broad bumps rather than sharp lines.

Search protocol. A dedicated OPH-comb search would:

1. Select burst-like candidates (10–120 s time windows, matching existing PBH burst search
protocols).

2. Fit each candidate with null model (smooth continuum) vs. OPH comb model (peaks at
Ek = E0 ln k convolved with detector response).

3. Scan over the single scale parameter E0 = kBTH (equivalently, BH mass).
4. Require at least two lines satisfying log-integer ratio to claim detection.
5. Correct significance for trials (time windows × sky positions × E0 scan).

Current status. Dedicated PBH burst searches (H.E.S.S., LHAASO) report no significant
bursts, so positive verification is now possible with archival data. However, a null search with
OPH-specific comb template would:

• Set upper limits on OPH-comb PBH burst rates
• Demonstrate direct testability of the discrete spectrum prediction
• Provide constraints comparable to or stronger than generic PBH burst limits

Data availability. Fermi GBM provides public Time-Tagged Event (TTE) burst data; Fermi
LAT provides public photon event lists with documented analysis workflows. H.E.S.S. has a small
public test data release.

GW horizon spectroscopy: comb prediction for Kerr remnants.
The discrete Hawking spectrum extends to gravitational wave observables. For Kerr black

holes, the thermodynamic first law is δM = THδS + ΩHδJ , so the entropy change for absorbing a
quantum with frequency ω and azimuthal number m is:
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δS = ℏ(ω −mΩH)
kBTH

.

In the edge-sector framework, δS = ln(d′/d), so the discreteness condition becomes:

ℏ(ω −mΩH) = kBTH ln k, k ∈ {2, 3, 4, . . .}

This gives the GW horizon spectroscopy comb: discrete resonant frequencies where the
horizon can efficiently absorb or emit energy.

Kerr line frequencies. For a remnant with mass M and dimensionless spin χ = a∗/M , define
the spin correction factor:

g(χ) = 2
√

1 − χ2

1 +
√

1 − χ2 , ΩH(M,χ) = c3

2GM
· χ

1 +
√

1 − χ2 .

The line frequencies are:

fk,m(M,χ) = mΩH(M,χ)
2π

+ c3

16π2GM
g(χ) ln k

This is rigidly constrained: once LIGO/Virgo infers (M,χ) for a remnant, the entire line pattern
is fixed with no free parameters.

Line weights from GR envelope + discretization. The line strengths are not arbitrary;
they are fixed by matching to the known GR greybody absorption spectrum in the semiclassical
limit. The discretization rule gives bin width ∆ωk ≈ ωT ln(1 + 1/k) where ωT = kBTH/ℏ. The net
line weight (absorption minus stimulated emission) is:

W net
k,ℓm = ΓGR

ℓm (ωk,m) · ∆ωk · k − 1
k

where ΓGR
ℓm is the standard GR greybody factor and the (k − 1)/k factor arises from KMS

detailed balance with e(ω−mΩH)/TH = k.
Universal stacking coordinate. Define the dimensionless rescaled frequency:

x := GM

c3g(χ)
(ω −mΩH).

Then the predicted line locations collapse to universal constants:

xk = ln k
8π

(k = 2, 3, 4, . . .)

Numerically: x2 = 0.02758, x3 = 0.04371, x4 = 0.05516, x5 = 0.06404.
Stacking test. Multiple BBH events can be mapped to this universal x coordinate and stacked.

If the comb is real, peaks align across events with different (M,χ); detector noise does not stack
coherently.

Comparison to existing work. Prior area-quantization searches (e.g., arXiv:2011.03816)
used parameterized models with one free spacing constant. The OPH prediction is more con-
strained: multiple lines with exact ln k ratios, plus the (k − 1)/k weight hierarchy from detailed
balance.

Numerical example (GW170608). Remnant parameters: Mf ≈ 18.0M�, χf ≈ 0.69. For
m = 2, the horizon rotation frequency is mΩH/(2π) ≈ 719 Hz. The thermal comb spacing (the
part that encodes the area quantization) is:
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k ∆fk := c3g(χ)
16π2GM ln k (Hz) Relative weight (k − 1)/k

2 41.6 0.500
3 65.9 0.667
4 83.2 0.750
5 96.5 0.800
6 107.5 0.833

The full physical frequencies are fk,2 = 719 + ∆fk Hz (i.e., 760–827 Hz), outside LIGO's most
sensitive band for this remnant. However, the stacking analysis uses the rescaled coordinate
x = GM(ω−mΩH)/(c3g(χ)), which maps the thermal spacing to universal constants xk = ln k/8π
regardless of the rotation offset.

Measurement contradiction criterion. The smoking gun is the rigid arithmetic pattern:
after rescaling by (M,χ), spectral features must satisfy fk/f2 = ln k/ ln 2 exactly, independent of
remnant parameters. Absence of coherent stacking at the predicted xk values identifies a measure-
ment contradiction with the log-integer area spectrum.

1.6.12 5.12 Classical mechanics from emergent GR

Once the Einstein equation is established, the framework inherits standard GR consequences. This
section makes explicit how classical mechanics emerges.

Stress-energy conservation is automatic. The contracted Bianchi identity is geometric:

∇aGab = 0.

Combined with the Einstein equation, this implies:

∇a〈Tab〉 = 0.

Geodesic motion from dust limit. For pressureless classical matter ("dust"), T ab = ρ uaub.
Conservation yields:

∇a(ρuaub) = 0 ⇒ ub∇a(ρua) + ρ ua∇au
b = 0.

Projecting orthogonally to ub using hbc = δbc + ubuc kills the first term, giving:

ρ ua∇au
b = 0 ⇒ ua∇au

b = 0.

This is the geodesic equation: free classical bodies follow spacetime geodesics.
Newtonian limit from weak-field GR. Take the weak-field, slow-motion limit with metric:

g00 ≈ −(1 + 2Φ/c2), g0i ≈ 0, gij ≈ δij(1 − 2Φ/c2),

and velocities |v| � c. Then G00 ≈ 2∇2Φ/c2 (leading order), and T00 ≈ ρc2. The Einstein
equation reduces to:

∇2Φ = 4πGρ.

Geodesic motion reduces to:

ẍ = −∇Φ.
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These are Newton's gravitational law and Newton's second law. Classical mechanics is recovered
as a controlled limit of the emergent GR dynamics.

Precision classical predictions. Once the field equation is fixed to Einstein form, the frame-
work inherits the standard GR precision toolbox (post-Newtonian expansion, lensing, time delay,
etc.), with no free "shape" parameters beyond G and Λ.

Selected precision predictions (in the regime where the GR derivation applies):
Light bending by mass M : For impact parameter b,

∆θ = 4GM
c2b

.

For the Sun with b ≈ R�: ∆θ ≈ 1.751 arcsec.
Mercury perihelion advance: Per orbit,

∆ϖ = 6πGM
a(1 − e2)c2 .

Using Mercury's orbital parameters: ∆ϖ ≈ 42.98 arcsec/century.
Gravitational redshift: Between two radii in a static potential,

∆ν
ν

≈ ∆Φ
c2 .

For the Sun (surface to infinity): z ≈ 2.12 × 10−6.
These predictions are fixed functions of G and known source parameters, and are confirmed

observationally to high precision. The framework inherits them automatically once the Einstein
equation is derived.

1.6.13 5.13 Precision gravity predictions and experimental bounds

The gravity sector makes symmetry-protected exact-zero predictions that can be confronted with
the tightest available experimental bounds. This section translates the theoretical predictions into
the specific observables that experiments actually constrain.

Speed of gravitational waves. The derived GR regime implies massless gravitons propagat-
ing on the same null cones as photons:

cGW − c

c
= 0 exactly.

Current bound (GW170817 + GRB 170817A multi-messenger):

−3 × 10−15 <
cGW − c

c
< +7 × 10−16 (90% credibility).

For a source at ∼ 40 Mpc, this fractional difference corresponds to only a few seconds of
propagation-time mismatch across ∼ 108 years of travel.

Graviton mass. The gauge redundancy (diffeomorphism invariance) forbids a hard mass term:

mg = 0 exactly.

Current bound (GW dispersion analysis, PDG 2025):

mg ≤ 1.76 × 10−23 eV/c2 (90% credibility).
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This corresponds to a reduced Compton wavelength λ̄C ≳ 1.6 × 1016 m, i.e., order ∼ 1.6 light-
years.

No dipole radiation. Many modified gravity theories predict extra channels (scalar/vector)
producing dipolar radiation at (−1)PN order. The derived GR limit predicts no such channel.

Current bound (GW170817 inspiral phasing, PDG 2025):

−4 × 10−6 < δp̂−2 < 2 × 10−5 (90% credibility).
Only tensor polarizations. The GR outcome means only the two tensor (helicity-2) modes

propagate. Pure non-tensor hypotheses are disfavored by current data, though mixtures are now
completely ruled out.

Equivalence principle tests. Additional null checks from the derived GR structure:

• Universality of free fall (space tests): precision ~10ź
• Nordtvedt parameter ( = 4 - ): (0.47 ś 0.55) Œ 10
• Binary pulsar radiative damping (PSR J0737-3039): 0.999963 ś 0.000063

1.6.14 5.14 Theory-side error propagation from Markov bounds

The framework provides exact-zero predictions and quantitative control over how well those predic-
tions hold. The Markov/recovery machinery can be propagated through the entire GR emergence
chain.

The key quantitative hook. From Theorem 3.1, if the target state satisfies

I(Ak : Ck | Bk) ≤ εk,

then recovery maps exist with trace-distance error

δk = 2
√

ln 2 · εk.
Trace distance gives immediate bounds on observable errors. Using the standard dual norm

inequality:

|〈O〉ρ − 〈O〉σ| ≤ ‖O‖∞‖ρ− σ‖1 = 2‖O‖∞D(ρ, σ),
where D(ρ, σ) = 1

2‖ρ− σ‖1 is the trace distance.
Exponential decay from MX. The mixing assumption (Section 2.3) provides:

Iω(Aδ : Dδ | Bδ) ≤ c · |∂C|UV · e−δ/ξ.

Combining these gives an explicit precision dial:

δstep ≲ 2
√

ln 2 · c · |∂C|UV · e−δ/(2ξ).

What precision requires. To match the GW speed bound (∼ 10−15 fractional accuracy), the
recovery-map error must satisfy:

δ ≲ 10−15 ⇒ ε ≲ (δ/2)2

ln 2
≈ 3.6 × 10−31.

This is extremely small, but achievable: with a macroscopic boundary (|∂C|UV ∼ 1035 for a
meter-scale boundary at Planck UV scale), the exponential decay e−δ/ξ with δ/ξ ∼ a few hundred
easily pushes below 10−31 once the prefactor is included.

Precision upgrade summary. The framework now provides:
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1. Exact-zero predictions (mg = 0, cGW = c) from symmetry protection.
2. Translation of those zeros into the specific observables experiments constrain.
3. Explicit bounds on how far derived geometric statements can drift, using the conditional

mutual information trace distance observable error chain.

This is the concrete path from "axioms about screens" to "precision GR predictions with quan-
titative error control."

1.6.15 5.15 Dark matter as modular anomaly (program-level)

The modular anomaly term T anom
ab derived in Section 5.9 provides a natural candidate for what is

observationally interpreted as dark matter, without introducing new particle species.
The identification. The anomalous stress-energy contribution

〈T anom
00 〉 = 15

8π2 · δ〈K
(anom)
C 〉
ℓ4

is "dark" by construction: it arises from information-theoretic/gravitational structure (mod-
ular Markov imperfections), not from Standard Model fields. It gravitates but does not couple
electromagnetically. This is precisely what "dark matter" means observationally.

Connection to the cosmological constant. The framework makes Λ a global capacity
parameter:

Λ = 3π
G · log(dim Htot)

, rdS =
√

3
Λ
.

This introduces an unavoidable IR length scale rdS . Galaxy "dark matter" phenomenology is
an IR phenomenon-it appears when accelerations are small and distances are large.

Emergent acceleration scale. In the Newtonian/weak-field regime, any IR modification from
T anom

00 must:

1. Vanish if rdS → ∞ (infinite capacity, no de Sitter scale)
2. Be controlled by rdS as the only new IR scale
3. Carry non-tunable coefficients from the derivation

The anomaly enters with prefactor 15
8π2 . The natural acceleration scale constructible from (Λ, c)

with this coefficient is:

a
(OPH)
0 := 15

8π2 · c2

√
Λ
3

= 15
8π2 · c

2

rdS

Numerical prediction. Using Planck 2018 ΛCDM parameters (H0 ≈ 67.4 km/s/Mpc, ΩΛ ≈
0.685):

• Λ ≈ 1.09 × 10−52 m−2

• rdS ≈ 1.66 × 1026 m
• Therefore:

a
(OPH)
0 ≈ 1.03 × 10−10 m/s2
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For comparison, observational fits to galaxy regularities (RAR/MDAR/MOND phenomenology)
quote a0 ∼ 1.2 × 10−10 m/s2. The prediction lands within 15% without introducing a new free
parameter beyond screen capacity/Λ.

Phenomenological consequences. If T anom
00 sources the inferred dark matter, the Newtonian

limit becomes:

∇2Φ = 4πG(ρb + ρanom),

i.e., baryons plus an effective extra density. The radial acceleration relation (RAR) takes the
form:

gobs ≈ gb + √
a0 · gb, gDM := gobs − gb ≈ √

a0 · gb.

With a0 = a
(OPH)
0 fixed, this predicts:

(i) Baryonic Tully-Fisher relation.

V 4 ≈ G ·Mb · a(OPH)
0

where V is the asymptotic rotation velocity and Mb is baryonic mass.
(ii) Flat rotation curves. For a point mass Mb:

gDM(r) =

√
GMb a

(OPH)
0

r
⇒ MDM(r) ∝ r

i.e., inferred dark mass grows linearly with radius, producing flat rotation curves.
(iii) Characteristic surface density.

Σ(OPH)
0 = a

(OPH)
0
2πG

≈ 0.25 kg/m2 ≈ 120M�/pc2.

This is in the range of observed central halo surface densities.
Status. What is grounded in the current framework:

• The modular anomaly term exists with fixed coefficient 15
8π2

• Λ and rdS are determined by screen capacity
• The anomaly acts as "effective extra gravity" in the Newtonian limit

What is an additional assumption (derivation target):

• That T anom
00 is the dominant source of galaxy-scale "dark matter" phenomenology

• That in the deep IR the anomaly organizes into RAR-like scaling with normalization inherited
from the 15

8π2 prefactor

This is best viewed as a program-level derivation target (like the θQCD program in Section
8.4): the framework contains the natural ingredients, and the precise prediction follows if those
ingredients dominate the relevant phenomenology.

Falsifiability. The prediction a
(OPH)
0 ≈ 1.03 × 10−10 m/s2 is sharp. If galaxy data definitively

require a different value (say, a0 > 1.5 × 10−10 m/s2), or if the RAR normalization varies systemat-
ically with environment in ways incompatible with a universal Λ-derived scale, this interpretation
would be contradicted.
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1.6.16 5.16 De Sitter holography: static patch vs boundary-at-infinity

A natural question arises: how does this framework relate to the "unsolved problem" of de Sitter
holography?

What the usual dS holography problem is. When people say "dS holography is unsolved,"
they typically mean: we don't have anything as sharp as AdS/CFT, where the bulk has a timelike
asymptotic boundary supporting a well-defined dual CFT with a precise dictionary. For de Sitter,
there is no asymptotic timelike boundary in the static patch where you can just "put the field
theory." The classic dS/CFT proposal (Euclidean CFT at future infinity) has notorious issues
including potential non-unitarity and complex weights in the would-be dual.

What this model does differently. Our framework begins with an observer's static patch and
its horizon screen (S2), building a net of subregion algebras on that screen. This is a fundamental
fork away from AdS/CFT-style holography:

AdS/CFT This framework

Codimension-1 boundary at infinity Codimension-2 horizon screen (S2)
Single global boundary theory Observer-dependent patches that overlap
Dual CFT required Only algebras + consistency conditions
Negative Λ Positive Λ natural

This aligns with the static patch / complementarity approach in the dS literature, where
the fundamental description is patch-based and different static patches are related by consistency
rules, not by a single god's-eye boundary theory.

The mechanism: Λ as global capacity, not local physics.
A key structural result (Lemma 5.2) shows that null modular data can reconstruct Tab only up to

an additive ϕgab ambiguity. This is the statement that vacuum energy / cosmological constant shifts
are invisible to the null-data route. The Einstein equation derived from entanglement equilibrium
is fixed only up to Λgab.

Therefore Λ cannot be determined by local consistency. It must be fixed by a global con-
straint: the total number of degrees of freedom on the screen. The de Sitter link is:

Λ = 3π
G · log(dim Htot)

If the screen Hilbert space has finite dimension dim(Htot) = exp(SdS), then the natural semi-
classical interpretation of that finite entropy is a cosmological horizon, and matching to GR via the
entropy-area relation gives positive Λ.

What this "solves" vs what it assumes.
The model does not solve the classic "give me a unitary CFT on the boundary at infinity for

dS" problem. It doesn't aim there. Instead, it provides a coherent route to patch holography
where de Sitter static patches are natural:

1. The fundamental object is a horizon screen in a static patch description.
2. Λ is a capacity parameter tied to finite Hilbert space dimension, not locally reconstructible

"vacuum energy."
3. Einstein-like dynamics emerge up to Λgab; the numerical value of Λ is inferred from the

observed cosmological constant, not predicted.
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Many observers, one Λ. The philosophical stance ("no objective reality, only subjective
perspectives that must agree on overlaps") maps onto dS static-patch intuition: each timelike
observer has a horizon and a patch; there's no operational access to a single global description.
The de Sitter parameter Λ is the one thing that can be shared across overlaps: a global capacity
constraint that all consistent overlapping descriptions inherit.

Summary. The model gets de Sitter by moving the holographic screen from "infinity" to an
observer's horizon and by elevating de Sitter entropy (finite screen capacity) to a fundamental input.
The usual dS holography obstacles are exactly the ones avoided by refusing a global, boundary-at-
infinity viewpoint. This is not a bug-it's the point.

1.7 6. Standard Model from Gluing Consistency

This section has two logically distinct parts:
Part I (ğ6.1): The mathematical reconstruction machinery. Given edge-center completion

(Theorem 2.3), we get fixed-cutoff sector categories and a refinement-stable colimit category. If that
colimit satisfies standard categorical properties (rigid, symmetric, C∗), Tannaka-Krein reconstruc-
tion yields some compact gauge group G. This part has explicit hypotheses and is unconditional
once the refinement-stable category is specified.

Part II (Derived from MAR, ğ6.2 onward): The Selection Axiom MAR (Minimal Admis-
sible Realization) narrows from "some G" to the Standard Model gauge group once the admissible
class includes one connected abelian charge factor. The former Selectors S1–S3 and the separate
minimality steps for Nc and Ng are all consequences of MAR applied to the admissible class. The
SM derivation follows from the extended theory Text = A1-A4 + R0 + R1 + [z] = 0 + MAR. See
Part II of this manuscript for the complete proof.

1.7.1 6.1 Edge sector category and gauge group reconstruction

Edge-center completion (Theorem 2.3) provides, at each regulator scale r, a finite tensor category
Sectr of transportable edge charges. The reconstruction category is the refinement-stable directed
colimit

Sect∞ := lim−→
r

Sectr,

where the transition functors are induced by refinement and only sectors/intertwiners that
persist under refinement are retained. This gives a tensor category Sect∞ of edge charges:

• objects: refinement-stable transportable sector labels,
• morphisms: intertwiners between sectors,
• tensor product: fusion by collar concatenation, α⊗ β =

⊕
γ N

γ
αβ γ,

• duals: orientation reversal α ↔ ᾱ,
• symmetric braiding in the EFT regime (no anyonic statistics in 3+1D).

Let F : Sect∞ → Hilbfd be the fiber functor that sends each sector to its edge multiplicity space.
The fibers are finite-dimensional objectwise even though Sect∞ can have infinitely many simple
objects.
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Theorem 6.1 (Tannaka/DR reconstruction). If Sect∞ is a rigid symmetric C∗ tensor cate-
gory with a faithful fiber functor F , then there exists a compact group G, unique up to isomorphism,
such that Sect∞ ' Rep(G). Moreover,

G = Aut⊗(F)

is a compact subgroup of a product of unitary groups.
Proof sketch. Define G as the group of monoidal natural automorphisms of F . This is compact

because it is closed in a product of unitary groups. By Tannaka-Krein/DR reconstruction, objects
and morphisms of Sect∞ are recovered as finite-dimensional representations and intertwiners of G.
QED.

Corollary 6.1 (field algebra reconstruction, conditional). If in the small-region limit the
edge sectors are localized and transportable in the DHR sense (i.e., charges can be moved between
patches without changing their fusion), then there exists a field algebra F and a compact group
G such that A = FG. This is the Doplicher-Roberts reconstruction of local gauge symmetry from
sectors. QED.

Proposition 6.1a (Transportability from gluing obstruction). DHR transportability is
not an independent assumption. In the gluing framework (Section 3), transportability is precisely
the statement that charges can be moved between patches without changing fusion rules. The
obstruction to path-independent transport is the Čech-type central cocycle zijk from Assumption
E.

Explicitly: the gluing framework gives a gauge-invariant Čech 2-cocycle class [z] built from
triple overlaps (Section 6.6). Transportability holds iff this class vanishes:

DHR transportable ⇐⇒ [z] = 0 ⇐⇒ loop-coherent gluing.

Proof. Transportability means charges can be moved along any path without affecting the
result. In gluing language, this is path-independent parallel transport of edge labels. Lemma
6.12 shows that loop-coherent global gluing exists iff [z] = 0. But loop-coherent gluing is exactly
path-independent transport, so the equivalence holds. QED.

Corollary. The "DHR transportability" condition in Corollary 6.1 is internal to the gluing
framework: it is equivalent to requiring that the central obstruction class vanishes. This is a
constraint on the allowed sector structure, not an external physical assumption.

1.7.2 6.2 Selecting the SM factors (derived from MAR)

Theorem 6.1 yields some compact G. The Selection Axiom MAR (Minimal Admissible Realization)
uniquely determines which G is realized.

Selection Axiom MAR (Minimal Admissible Realization). Among all OPH-realizable
sector packages S consisting of the connected Lie gauge-sector image relevant in the low-energy
EFT, its admissible light chiral matter content, and one Higgs doublet, and which are (i) loop-
coherent / transportable ([z] = 0), (ii) anomaly-free, (iii) refinement-stable with light chiral matter,
(iv) single-Higgs Yukawa-completable with one connected abelian charge factor acting nontrivially
on the coupled carrier, (v) intrinsically CP-capable, (vi) weak-sector UV-completable, Nature re-
alizes the lexicographically minimal one under

C(S) = (χcpl, Nnonab, Nc, Ng).
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See Part II of this manuscript for the complete formal statement, admissibility definitions, and
proof.

Here χcpl is the coupled edge capacity: the dimension of the minimal unitary carrier con-
taining a common irreducible block on which the admissible pseudoreal and complex nonabelian
charge types both act nontrivially. This is intentionally stronger than the abstract minimal faithful
representation dimension. For S(U(3) × U(2)), the block-diagonal action on C3 ⊕ C2 is faithful of
dimension 5, but it is not coupled and therefore does not enter MAR. The object minimized by
MAR is the sector package S, not the bare tensor category by itself.

Note on [z]=0. The loop-coherent gluing condition [z] = 0 (Proposition 6.1a) is kept as an
explicit premise of the extended theory, not hidden inside MAR. It ensures that the reconstructed
compact group acts as a genuine global gauge symmetry. By Proposition 6.1a, this is equivalent to
DHR transportability.

What MAR derives. The former Selectors S1 (sector factorization), S2 (minimal sector
content), and S (coupled edge-capacity minimality) are all consequences of MAR applied to the
admissible class:

• Product structure (formerly S1): follows from the minimal coupled carrier C3 ⊗C2, which
enforces commuting color and weak actions.

• Minimal sector content (formerly S2): the pseudoreal doublet and complex triplet are
the minimal nonabelian representations satisfying the admissibility conditions, while the con-
nected abelian charge factor is an explicit admissibility input.

• Coupled edge-capacity minimality (formerly S): is the first component of MAR's com-
plexity vector.

With MAR stated, the SM derivation proceeds via standard lemmas:
Lemma 6.2 (S1 implies product group). If Sect ' Rep(G) and Sect ' Sect1 ⊠ Sect2, then

G ∼= G1 ×G2, Secti ' Rep(Gi).

QED.
Lemma 6.3 (SU(2) from a pseudoreal doublet). Let H be a positive-dimensional compact

connected Lie group with a faithful 2D pseudoreal unitary representation V . Then the semisimple
part of H contains an SU(2) factor acting as the fundamental doublet. Finite or disconnected
counterexamples are not part of the theorem package, which only applies the lemma to the identity
component on the relevant nonabelian image. QED.

Lemma 6.4 (SU(3) from an irreducible triplet). Let H be a positive-dimensional compact
connected Lie group with a faithful irreducible complex 3D unitary representation W . Then the
semisimple image contains an SU(3) factor acting as the fundamental triplet. Finite or disconnected
counterexamples are not part of the theorem package, which only applies the lemma to the identity
component on the relevant nonabelian image. QED.

Lemma 6.5 (Connected abelian factor criterion). If the admissible sector package con-
tains a connected abelian charge factor acting nontrivially on the coupled carrier, then the identity
component of the abelianized reconstructed group contains a one-torus. Under the single connected
abelian-factor admissibility premise, this factor is U(1). QED.

Proposition 6.6 (physical group quotient). If the realized matter spectrum has hyper-
charges quantized in sixths, then the kernel acting trivially on all realized sectors is Z, so
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Gphys = SU(3) × SU(2) × U(1)
Z6

.

QED.
Proposition 6.6a (SM from MAR). Under the Selection Axiom MAR:

• Admissibility conditions (iii)–(iv) require both a pseudoreal nonabelian charge type and a
complex nonabelian charge type, and include one connected abelian charge factor acting
nontrivially on the coupled carrier (Lemma 6.7, Corollary 6.8).

• The minimal faithful pseudoreal representation is the doublet ( = 2), giving SU(2). The
minimal faithful complex representation is the triplet ( = 3), giving SU(3).

• The minimal coupled carrier for both is C3 ⊗ C2, giving coupled edge capacity χcpl = 6.
• The block-diagonal faithful representation C3 ⊕ C2 of S(U(3) × U(2)) has dimension 5, but

it is not coupled and therefore is not the MAR minimizer.
• The maximal compact subgroup of U(6) acting on C3⊗C2 with commuting actions is (SU(3)×
SU(2) × U(1))/(finite center).

• The commutant of SU(3) × SU(2) inside U(6) is exactly U(1), so any connected abelian
factor acting nontrivially on the coupled carrier is necessarily a single U(1), and no additional
continuous factors appear without increasing χcpl.

• Product structure (formerly Selector S1) is not separately assumed: it follows from the tensor
product structure of the minimal coupled carrier.

Combined with Proposition 6.6 (hypercharges quantized in sixths from the realized spectrum),
this yields:

Gphys = SU(3) × SU(2) × U(1)
Z6

.

The full proof is in Part II of this manuscript.

1.7.3 6.3 Refinement stability and unprotected relevant operators

We now connect MaxEnt selection to a stability requirement under refinement. The key observa-
tion is that a relevant deformation is an unstable direction under coarse-graining; if it is neither
symmetry-forbidden nor constrained, it cannot be kept at zero without fine tuning.

Lemma 6.7 (refinement stability forbids unprotected relevant operators). Assume
R0, Assumption B (MaxEnt), and Assumption I (refinement stability). Let O be a gauge-invariant
Lorentz-scalar relevant deformation in the emergent EFT sense (∆ < 4 in 3+1D), allowed by
symmetry, and unconstrained by the constraint set C. Then refinement stability cannot keep the
coupling of O at zero without fine tuning. Generic refinement induces a nonzero coupling that
grows under RG and drives a gapped IR phase. In the near-vacuum regime at fixed macroscopic
charges/energy, such a gapped phase has strictly smaller entropy density than the corresponding
critical phase, so MaxEnt favors spectra where O is symmetry-forbidden or explicitly constrained.

Proof sketch. Linearize the coarse-graining channel Φℓ→L around the MaxEnt state ωℓ.
Constraint-preserving perturbations δρ evolve as δρ′ = Φℓ→L(δρ). A relevant operator corre-
sponds to an unstable eigen-direction δρO with |Φn(δρO)| ∼ bny|δρO|, y > 0, under repeated
coarse-graining. If O is not fixed by C or symmetry, any small UV mismatch produces a nonzero
component along δρO, which grows under refinement, contradicting refinement stability unless one
imposes infinite fine tuning. Turning on the relevant coupling generates a mass scale and gaps the
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IR. At fixed low energy density, gapped phases have lower entropy density than gapless phases, so
MaxEnt disfavors them. QED.

Corollary 6.8 (chirality selector). A gauge-invariant Dirac mass term is a relevant scalar.
If both chiralities exist in conjugate representations, the mass term is allowed and will be generated
under refinement unless symmetry-forbidden. Therefore, the MaxEnt/refinement-stable construc-
tion selects chiral fermion content (or imposes explicit mass constraints) as the natural way to keep
light fermions without fine tuning. QED.

1.7.4 6.4 Generation number from CP violation and refinement stability (derived
from MAR)

Anomaly cancellation is generation-by-generation, so it does not fix the number of generations.
The admissibility conditions constrain the window; MAR selects the minimum.

Proposition 6.9 (The number of generations is N_g = 3). Under (i) intrinsic CP
violation in the quark sector, (ii) UV-completability of SU(2)_L (asymptotic freedom at one loop),
(iii) MaxEnt/refinement stability selecting minimal viable spectrum, and (iv) the derived N_c =
3 from Theorem 6.14, the generation number is

Ng = 3.

Inputs.

1. Intrinsic CP violation exists in the quark sector (empirical fact; also, the framework treats
"intrinsic CP violation" as a selector input).

2. UV-completability proxy: SU(2)_L is asymptotically free at one loop in the emergent
EFT.

3. MaxEnt + refinement stability penalizes unnecessary unfixed flavor structure, selecting
the minimal viable spectrum.

4. Use the already-derived N_c = 3 from Theorem 6.14.

Step 1: CP violation lower bound. The number of physical CP-violating phases in an N_g
Œ N_g CKM matrix is:

#(CP phases) = (Ng − 1)(Ng − 2)
2

.

• For N_g = 1, 2: this is 0 no intrinsic CP violation possible.
• For N_g = 3: this is 1 intrinsic CP violation possible.

So intrinsic CP violation requires:

Ng ≥ 3.

Step 2: SU(2) asymptotic freedom upper bound. The one-loop coefficient is:

bSU(2) = 22
3

− 1
3
Ng(Nc + 1) − 1

6
,

where the final −1/6 is the contribution of one complex Higgs doublet. Asymptotic freedom
means bSU(2) > 0, i.e.,

Ng(Nc + 1) < 43
2
.
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With N_c = 3, we have N_c + 1 = 4, so:

4Ng <
43
2

⇒ Ng ≤ 5.

Combining: 3 N_g 5.
Step 3: MAR selection. Given the allowed window {3, 4, 5}, MAR (fourth component of

the complexity vector C(S)) selects the smallest viable choice:

Ng = 3.

QED.
Why this is convincing.

• It predicts a single integer.
• It uses two admissibility conditions (CP violation exists; weak sector is UV-completable)

plus MAR's lexicographic minimality.
• It is not a fit to a continuous number.
• Under Text, this is a derived result, not conditional.

1.7.5 6.5 Hilbert-space formulation of gluing data

Let {P_i} be a good cover of the screen. For each patch, fix a representation

πi : Ai → B(Hi).

For each overlap, choose a unitary intertwiner

Uij : Hj → Hi

such that for all O ∈ Aij ,

πi(O) = Uijπj(O)U †
ij .

Normalize U_ii = 1 and U_ji = U_ij.
Lemma 6.10 (centrality on triple overlaps). On a triple overlap define

Ωijk := UijUjkUki.

For all O ∈ Aijk,

Ωijkπi(O) = πi(O)Ωijk.

Proof. Conjugation by U_ki sends _i(O) to _k(O), by U_jk to _j(O), by U_ij back to _i(O).
Thus conjugation by _ijk fixes _i(O), so _ijk commutes with _i(O). QED.

Lemma 6.11 (gauge behavior). If Ũ_ij = V_i U_ij V_j with V_i acting trivially on
overlap observables, then

Ω̃ijk = ViΩijkV
†
i .

In particular, if _ijk is central, its class is gauge invariant. QED.
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1.7.6 6.6 Loop obstruction class (central defect)

Assume the defect is central and write

φij := Ad(Uij) on Aij .

This is the abelian truncation of the full 2-group obstruction in Section 3.4.
Then there exist central unitaries zijk such that

φijφjkφki = Ad(zijk).

Theorem 6.12 (loop-coherent gluing iff vanishing obstruction). The family {zijk} is a
Čech 2-cocycle, and its class [z] is gauge invariant. On any quadruple overlap Pijkl,

zjklz
−1
ikl zijlz

−1
ijk = 1.

A loop-coherent global gluing exists iff [z] = 0.
Proof. Compare two parenthesizations of _ij _jk _kl _li on a quadruple overlap to obtain the

cocycle condition above. Gauge changes shift z by a coboundary. If [z]=0, rephase by a 1-cochain to
eliminate defects and obtain path-independent transport. Conversely, loop-coherent gluing implies
z_ijk = 1. QED.

1.7.7 6.7 EFT reduction to anomaly cancellation

Assume ExtEFT: a low-energy 3+1D chiral gauge theory exists with group G. Then the obstruction
class [z] is structurally analogous to the EFT 't Hooft anomaly class and is expected to map to it
after a separate anomaly-descent construction. That map is not constructed in this manuscript, so
[z] = 0 is used here as an internal gluing/transportability condition rather than a proved equivalence
to EFT anomaly cancellation.

1.7.8 6.8 Hypercharge from anomaly freedom and Yukawas

Theorem 6.13 (Hypercharge from anomaly freedom and Yukawas). Assume gauge group
SU(N_c) Œ SU(2) Œ U(1)_Y and one generation of left-handed Weyl fermions (Q, u, d, L, e),
with a Higgs doublet H and Yukawa terms

QHuc, QH†dc, LH†ec.

Then anomaly freedom and Yukawa invariance fix the hypercharges up to an overall normal-
ization, yielding the Standard Model pattern for N_c = 3.

Proof. Yukawa invariance gives

Yu = −(YQ + YH), Yd = −YQ + YH , Ye = −YL + YH .

Anomaly cancellation yields

SU(2)2U(1) : NcYQ + YL = 0,
grav2U(1) : 2NcYQ +NcYu +NcYd + 2YL + Ye = 0.

Solving gives

YL = −NcYQ, YH = NcYQ, Yu = −(Nc + 1)YQ, Yd = (Nc − 1)YQ, Ye = 2NcYQ.
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With these relations, SU(N_c)šU(1) and U(1)ş anomalies vanish automatically. Fixing the
normalization by Q = T + Y and Q(_L)=0 gives

YQ = 1
2Nc

.

For N_c = 3,

YQ = 1
6
, YL = −1

2
, Ye = 1, Yu = −2

3
, Yd = 1

3
, YH = 1

2
.

Without Yukawas, the cubic anomaly leaves two discrete branches (Y_u, Y_d exchange).
Yukawa invariance selects the branch with a single Higgs doublet. QED.

Corollary 6.13a (Exact rational hypercharges). With the derived N_c = 3, the hyper-
charge assignments are uniquely fixed to exact rational values:

YQ = 1
6 , YL = −1

2 , Yu = −2
3 , Yd = 1

3 , Ye = 1, YH = 1
2 .

Why this is convincing.

• These are exact rationals, not approximate numbers.
• They are fixed by anomaly freedom + Yukawa invariance + normalization, with no continuous

parameters to adjust.
• This high-precision set of numbers strongly constrains the particle spectrum and matches

observation exactly.

1.7.9 6.9 Witten anomaly and the number of colors

Theorem 6.14 (The number of colors is N_c = 3). Under the gauge structure SU(N_c) Œ
SU(2)_L Œ U(1)_Y with one left-handed quark doublet Q per color and one left-handed lepton
doublet L per generation, the global SU(2) anomaly (Witten, 1982) requires N_c to be odd. Under
MAR (lexicographic minimization of C(S), where Nc is the third component), this yields:

Nc = 3.

Inputs.

1. Low-energy gauge group contains an SU(2)_L factor and an SU(N_c) color factor.
2. The matter content per generation includes:

• one left-handed quark doublet Q which is an SU(2) doublet and carries color,
• one left-handed lepton doublet L which is an SU(2) doublet and color singlet.

3. Witten's global SU(2) anomaly constraint (Witten, 1982): the number of left-handed
SU(2) doublets must be even.

4. MAR (Selection Axiom): among allowed values, the third component of the complexity
vector C(S) is minimized.

Proof. Count SU(2) doublets per generation:

• Quark doublets: N_c copies (one per color),
• Lepton doublets: 1 copy.
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Total doublets per generation:

Nc + 1.

Witten anomaly cancellation requires this to be even:

Nc + 1 ≡ 0 (mod 2) ⇒ Nc is odd.

The Witten constraint alone allows N_c {1, 3, 5, 7, ...}. N_c = 1 fails admissibility (SU(1) is
trivial, no complex nonabelian charge type). MAR (input 4) then selects N_c = 3 as the smallest
nontrivial value. QED.

Status. The Witten anomaly derives N_c odd. The specific value N_c = 3 follows from MAR
applied to the admissible class. Under the extended theory Text, this is derived, not assumed.

Why this is convincing.

• It predicts a single integer given the minimality selector.
• The odd constraint is independent of continuous parameters, RG running, masses, or Yukawa

values.
• It cannot be adjusted without changing the basic notion of electroweak doublets and color

replication.

1.7.10 6.10 Bond-dimension gatekeeping

In tensor-network or code realizations, gauge actions act on edge factors of size , so emergent
compact gauge groups embed in U(). This shows a capacity constraint: accommodating SU(3)
color and SU(2) weak factors shows 6 in the minimal case, consistent with the MAR-derived
gauge group.

1.7.11 6.11 Inevitability of photon and graviton

The model requires photons and gravitons.
Photon inevitability chain:

1. Assumption D (gauge-as-gluing) states that overlap identifications have redundancy forming
a local groupoid.

2. Theorem 2.3 (edge-center completion) decomposes collar Hilbert spaces into sectors labeled
by boundary gauge representations.

3. Theorem 6.1 (Tannaka/DR reconstruction) recovers a compact gauge group G from the fusion
rules of these edge sectors.

4. Corollary 6.1 (conditional on DHR transportability) reconstructs a field algebra with G as a
local gauge symmetry.

5. For the Standard Model, G includes U(1)_em after electroweak symmetry breaking.
6. A gauge boson is the quantum of the gauge field. Once U(1)_em emerges from overlap

redundancy, its gauge field exists, and its quantum (the photon) must exist.

The photon is not postulated. It is forced by the axioms through the chain above. The photon
mediates the correlations between charged excitations in different patches; it is how the U(1)
redundancy structure propagates through the algebra net.

Graviton inevitability chain:
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1. Theorem 4.2 (BW_{Sš}) shows that under collar Markov locality, MaxEnt selection with
rotational invariance, and Euclidean regularity, modular flow on caps becomes geometric
conformal dilation.

2. Theorem 4.3 identifies the induced kinematic group as Conf(Sš) PSL(2,) SO(3,1), the Lorentz
group.

3. Theorem 5.1 (entanglement equilibrium) shows that the condition S_gen = 0 implies the
semiclassical Einstein equations in the EFT regime.

4. The metric tensor emerges as the compression of modular flow data, and its dynamics are
fixed by entanglement equilibrium.

5. A dynamical metric in a quantum theory requires a spin-2 quantum field. Its quantum (the
graviton) must exist.

The graviton is not postulated. It is forced by the axioms through the chain above. Diffeomor-
phism invariance emerges because the bulk spacetime description is a compression of screen data;
different coordinate descriptions are redundancies in how that compression is presented.

1.7.12 6.12 Mass predictions from symmetry

The model makes sharp numerical predictions for certain particle masses where symmetry protec-
tion applies.

Theorem 6.17 (Photon mass vanishes exactly). From the chain:

• single Higgs doublet H = (1, 2, 1/2),
• unbroken U(1)_em after EWSB,
• gauge-as-gluing (Assumption D) identifying U(1)_em as a genuine redundancy on overlaps,

a hard photon mass term (Proca mass) would break the U(1)_em gauge redundancy. Therefore
it is forbidden, and

mγ = 0 exactly.

Experimental status: PDG compiles upper limits of order 10−18 eV (approximately 10−27

GeV). The prediction matches observation to absurd precision. QED.
Theorem 6.18 (Graviton mass vanishes exactly). In the semiclassical GR regime derived

in Section 5, spacetime diffeomorphism invariance emerges from overlap consistency. A graviton
mass term would break this gauge redundancy. Therefore

mg = 0 exactly.

Experimental status: PDG 2025 lists m_g 1.76 Œ 10šş eV/cš (90% CL) from gravitational
wave dispersion analysis. The GW speed bound from GW170817 constrains (c_GW c)/c to ~10ź.
The prediction matches observation. QED.

Theorem 6.19 (Charge quantization and no fractional color singlets). If the global
gauge group is

Gphys = SU(3) × SU(2) × U(1)
Z6

,

as derived in Proposition 6.6, then

All color-singlet states have integer electric charge.
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Equivalently: no stable isolated particles with charges like ś1/3 can exist as color singlets.
Proof. The Z quotient identifies the center elements (eˆ{2i/3}, 1, eˆ{i/3}) SU(3) Œ SU(2)

Œ U(1) with the identity. For a color-singlet state ( = 0), the SU(3) factor acts trivially. The
remaining identification requires the SU(2) Œ U(1) quantum numbers to satisfy

(−1)2j · eiπn/3 = 1,

where j is the SU(2) spin and n = 6Y is the integer hypercharge label. This gives n 6j (mod
6), i.e., n 0 (mod 6) for integer j and n 3 (mod 6) for half-integer j. Equivalently: Y is integer
when j is integer, and Y is half-integer when j is half-integer.

After electroweak breaking, Q = T + Y. For integer j, T and Y , so Q . For half-integer j, T
+ 1/2 and Y + 1/2, so Q = (half-integer) + (half-integer) . In both cases, Q . QED.

Experimental status: No fractionally charged color-singlet particles have been observed.
Three independent high-precision bounds confirm this:

1. Neutrality of matter (PDG 2024): The proton-electron charge sum satisfies

|qp + qe|/e < 1 × 10−21,

confirming charge quantization to 21 decimal places.

2. Fractional charge searches in bulk matter: Silicone oil drop experiments limit fraction-
ally charged particle abundance to

(fractionally charged particles)/nucleon ≲ 10−22.

3. Collider searches (CMS, PRL 134, 2025): Exclusions for stable particles with q ∈ [e/3, 0.9e]
up to masses ∼ 640 GeV (95% CL).

The prediction matches observation at extraordinary precision.
These are genuine first-principles numerical predictions: symmetry protection yields exact zeros

or quantization, and experiment confirms to available precision.

1.7.13 6.13 Coupling extraction from edge-sector probabilities

The edge-center completion (Theorem 2.3) yields sector probabilities p_ on collar boundaries.
These probabilities encode the renormalized gauge coupling through a heat-kernel/Laplacian
weighting law.

Abelian case (Z_n). For a Z_n gauge theory, the edge sectors are labeled by charge q {0,
1, ..., n1}. The correct "Casimir" eigenvalue is the Laplacian eigenvalue of the boundary random
walk:

λq = 4 sin2
(
πq

n

)
.

Note: only in the limit n and q n does _q (2q/n)š qš. For finite n, the exact form is essential.
The sector probabilities follow a heat-kernel law:

pq ∝ e−t(µ)λq ,

where t() is the "modular time" parameter encoding the scale. The extraction formula is:
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t(µ) = − log(pq/p0)
λq

, g2
ent(µ) = t(µ)

2π
.

Consistency requires that t extracted from different charges q agrees; this has been verified
numerically (see Section 6.14).

Electric-center measurement. The edge sectors are measured using the electric-center pre-
scription. For a region A and boundary vertex v A, define the restricted star operator:

Q(A)
v =

∏
ℓ∈star(v)∩A

X±1
ℓ ,

where X_ is the shift operator on link . The sector projectors are:

Pv,q = 1
n

n−1∑
m=0

ω−mq
(
Q(A)
v

)m
, ω = e2πi/n,

and the probabilities are p_{v,q} = P_{v,q}. This electric-center operator, built from X's
rather than Z's, correctly captures the boundary gauge charge/flux that labels entanglement edge
sectors.

Non-abelian generalization. For SU(N) gauge theories, the edge sectors are labeled by
irreducible representations with probabilities:

pj ∝ dj e
−t(µ)C2(j),

where d_j is the dimension and C(j) the quadratic Casimir. Extraction:

t(µ) = − log(pj/p0)
C2(j)

, g2
ent(µ) = t(µ)

2π
.

Theoretical derivation. The heat-kernel law can be derived from the axioms under one
additional assumption (LG: local Gibbs generator).

Theorem 6.20 (Heat-kernel law from MaxEnt + gauge structure). Under A1-A4,
Assumptions B (MaxEnt), D (gauge-as-gluing), LG (local Gibbs), and R0-R1 (regulator), the
edge-sector probability distribution satisfies:

pR = dR e
−tλR∑

R′ dR′ e−tλR′

where _R is the Laplacian eigenvalue on the R-isotypic component and t is determined by the
collar Gibbs parameter.

Proof.
Step 1 (Edge Hilbert space). From gauge-as-gluing (D) and the regulator (R0-R1), the edge

degrees of freedom at a boundary circle = C live in a Hilbert space transforming under the
gauge group G. Microscopically this is a finite-dimensional quantum-link edge space; the effective
representation-theoretic description in the refinement limit is modeled by L2(G). By the Peter-Weyl
theorem:

L2(G) ∼=
⊕
R

VR ⊗ V ∗
R

where V_R is the carrier space of irrep R.
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Step 2 (Gauge invariance). The Gauss law constrains physical states. For an entanglement
cut at , the physical edge Hilbert space decomposes as _{edge}ˆ{phys} = _R W_R where W_R
contains states with flux in representation R.

Step 3 (Natural Hamiltonian). From LG, the MaxEnt generator restricted to edge modes takes
the form H_{edge} = _R h_R P_R where P_R is the projector onto the R-sector. The key claim
is that h_R = _R.

Justification: For a compact simple factor, the group Laplacian _G = _a (Tˆa)š is the unique
bi-invariant second-order differential operator up to scale. For a product group G =

∏
iGi, the

most general bi-invariant second-order operator is a positive linear combination
∑
i ci∆Gi , with

one coefficient per factor. Any other gauge-invariant local choice would require higher derivatives,
violating locality. For finite groups, the Cayley graph Laplacian plays the same role: _R = |S|
(1/d_R) _{sS} _R(s).

Step 4 (MaxEnt selection). MaxEnt (Assumption B) selects the Gibbs state:

ρedge = 1
Z
e−tHedge = 1

Z

∑
R

e−tλRPR.

Step 5 (Sector probabilities). The probability of sector R is p_R = Tr(_{edge} P_R). The
effective dimension for entanglement is d_R (not d_Rš) because we trace over one side of the cut.
This gives:

pR = dR e
−tλR

Z
.

QED.
Why the entropy rank is dR (instead of d2

R). The full edge space has dimension d2
R in

sector R (from VR ⊗ V ∗
R). Entanglement entropy, however, measures correlations across the cut.

After tracing over one side, the reduced density matrix has effective rank dR. Mathematically: in
the Markov normal form, the edge factor on one side contributes log dR to the entropy.

Status. The derivation is complete up to the factorwise Laplacian choice just stated. The LG
assumption (quasi-local MaxEnt generator) is derived from Theorem 2.6: if MaxEnt constraints are
expectations of finitely many quasi-local operators, the entropy maximizer is automatically a Gibbs
state with a quasi-local generator. What remains is the specific Laplacian form of that generator;
this follows from gauge invariance plus the factorwise uniqueness of the bi-invariant second-order
operator on each compact simple factor.

Normalization anchor: 2D Yang-Mills. The parameter t can be exactly matched to a
conventional coupling in 2D Yang-Mills, where the physical Hamiltonian is literally the group
Laplacian:

H = g2

2
∆G, ∆GχR = −C2(R)χR ⇒ ER = g2

2
C2(R).

Euclidean evolution for "time" A (the area of a cylinder in 2D YM) gives weight(R) exp(A E_R)
= exp(gš A C(R)/2). Comparing with the heat-kernel expansion K_t(U) = _R d_R _R(U) eˆ{t
C(R)} yields the exact identification:

tphys = g2A

2
(in 2D YM, no ambiguity).

This shows that the Laplacian + MaxEnt heat-kernel structure is not just plausible; it is exactly
how continuum Yang-Mills behaves in a solvable case. The coefficient in front of C is fixed. In
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any regime where the edge theory reduces to an effective 2D YM with known "Euclidean thickness"
A_eff:

g2(µ) = 2
Aeff(µ)

· ∆R(µ)
C2(R)

,

and the RHS must be R-independent. This R-independence is an internal precision consistency
test; the formula itself is the normalization map that connects t to the conventional gauge coupling.

1.7.14 6.14 Numerical validation of the heat-kernel law

The heat-kernel/Laplacian weighting of edge sectors has been validated in explicit 2D Z_n gauge
models on closed geometries.

Model. A 2Œ2 periodic lattice gauge theory (8 links) with Z_n link Hilbert spaces and
Hamiltonian:

H = −K
∑
p

Re(Bp) − h
∑
ℓ

Re(Xℓ) − Γ
∑
v

Re(Av),

where X_ is the Z_n shift on link , B_p is the oriented plaquette operator (product of Z's
around plaquette p), and A_v is the oriented star/Gauss operator (outgoing X, incoming X).
With K = 1 and = 5, the ground state satisfies A_v = 1 at all vertices to numerical precision.

Region and edge operator. Region A consists of links whose tail has x = 0 ("half-lattice"
cut). At each boundary vertex v, the electric-center edge charge is the restricted star Q_vˆ{(A)}
= _{ star(v) A} X_ˆ{ś1}.

Results for Z. With = 4sinš(/2) = 4:

h p p t g_ent

0.5 0.8266 0.1734 0.391 0.249
1.0 0.9612 0.0388 0.803 0.357
2.0 0.9917 0.0083 1.194 0.436

Results for Z (overconstrained test). With = = 4sinš(/3) = 3:

h p p p t(q=1) t(q=2) g_ent m_plaq

0.2 0.4395 0.2803 0.2803 0.1500 0.1500 0.154 2.22
0.5 0.7509 0.1245 0.1245 0.5989 0.5989 0.309 1.75
1.0 0.9606 0.0197 0.0197 1.2956 1.2956 0.454 4.07
1.5 0.9851 0.0074 0.0074 1.6288 1.6288 0.509 7.06
2.0 0.9921 0.0039 0.0039 1.8440 1.8440 0.542 10.10

The equality p = p is exact (charge conjugation symmetry in Z). The equality t_{q=1} =
t_{q=2} is the crucial overconstrained check: at h = 1.0, extracting t from q = 1 and q = 2 inde-
pendently gives t_{q=1} 1.2956389318579 and t_{q=2} 1.2956389318521. The agreement to ~10ź
(machine precision) confirms that the edge distribution genuinely follows the heat-kernel/Laplacian
form.

Region-choice robustness. At h = 1, the extracted g_ent is nearly independent of region
size:
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• 2 links (one vertex's outgoing links): g_ent 0.453
• 4 links (half-lattice): g_ent 0.454
• 6 links (three vertices): g_ent 0.453

This locality confirms that the coupling is dominated by physics near the cut, not global book-
keeping, exactly what is expected if this behaves like a local QFT observable.

Results for Z (golden ratio test). The Z case provides a stringent test because the Laplacian
eigenvalues have a distinctive ratio involving the golden ratio = (1+5)/2:

λq = 4 sin2
(
πq

5

)
,

λ2
λ1

= sin2(72◦)
sin2(36◦)

= ϕ2 ≈ 2.618.

This ratio distinguishes the Laplacian law from naive alternatives: a linear model (_q q) would
predict ratio 2, while a quadratic model (_q qš) would predict ratio 4.

Simulations on a 2Œ2 torus in the dual/flux basis (125 states in the zero-winding sector) give:

h Measured ratio
ln(p/p)/ln(p/p)

Deviation from š

0.5 2.25 14%
1.0 2.51 4%
2.0 2.619 < 0.1%

In the weak-field limit (h 0, strong magnetic coupling), the simulation converges to the golden
ratio squared. This confirms that the vacuum entanglement spectrum encodes the precise geometric
structure of the gauge group Laplacian.

Significance. This validates the mathematical law (sector probabilities weighted by Laplacian
eigenvalues) in honest 2D gauge-invariant models with non-flat sector distributions. The Z and
Z tests are structurally identical to SU(2)/SU(3): multiple irreps overconstrain the slope, and
agreement confirms the mechanism works before jumping to nonabelian groups.

Results for S (first nonabelian test). The abelian tests above use charge-sector projectors
that reduce to Fourier modes. For nonabelian groups, the edge-sector projector must be generalized
to character projectors:

Pv,R = dR
|G|

∑
h∈G

χR(h−1)Q(A)
v (h),

where d_R is the dimension of irrep R, _R is its character, and Q_vˆ{(A)}(h) is the restricted
gauge action at boundary vertex v acting only on links in region A.

For S (the smallest nonabelian group, order 6), there are three irreps: trivial (d=1), sign (d=1),
and standard (d=2). The Cayley-graph Laplacian eigenvalues for the transposition generating set
are:

λtriv = 0, λsign = 6, λstd = 3.

Exact reduction on one plaquette. For the single-plaquette model (4 links), imposing
Gauss's law at all vertices means the physical wavefunction depends only on the plaquette holon-
omy's conjugacy class. Since S has exactly 3 conjugacy classes, the gauge-invariant Hilbert space
is 3-dimensional, spanned by the character states {|_R}. In this basis, the edge-sector probabilities
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are exactly p_R = |c_R|š where | = _R c_R |_R. This is not an approximation; it is an exact
identity for the one-plaquette gauge-invariant sector.

The heat-kernel ansatz predicts p_R d_R exp(t _R). Extracting t independently from the
sign and standard irreps provides an overconstrained test: the ratio _sign/_std = 6/3 = 2 is a
parameter-free prediction. Results from a single-plaquette S lattice gauge model (K=1, =5):

h p_triv p_sign p_std t (sign) t (std) t/t log-ratio

0.5 0.909 0.0013 0.089 1.09 1.01 8.4% 2.17
1.0 0.980 7.5Œ10 0.020 1.58 1.54 2.8% 2.06
2.0 0.996 4.3Œ10 0.004 2.06 2.04 1.0% 2.02
5.0 0.9993 1.0Œ10 0.00066 2.68 2.67 0.3% 2.006
12 0.9999 3.0Œ10 0.00011 3.27 3.27 0.1% 2.002

100 1.0000 6.1Œ10źş 2.0Œ10 4.69 4.69 0.009% 2.0002

The "t/t" column shows the fractional difference (t_sign t_std) / t̄. The "log-ratio" column
shows log(p_sign/p) / log(p_std/(2 p)), which should equal _sign/_std = 2 if the heat-kernel
form holds exactly.

As h increases, both diagnostics converge: t/t drops below 10 and the log-ratio approaches
2.000. This is exactly the expected behavior: finite-size corrections are largest at strong coupling;
the heat-kernel form becomes exact as the perturbative regime is approached.

This is the first nonabelian validation of the edge-sector extraction mechanism. The struc-
ture (character projectors, Laplacian eigenvalues from the group's Cayley graph, overconstrained t
extraction) is identical to what will be used for SU(2) and SU(3).

Parameter-free predictions for SU(2) and SU(3). The heat-kernel law yields exact,
parameter-free ratio predictions that require no scheme matching. Define the "Casimir log-gap":

∆R ≡ ln
(
p0
d0

)
− ln

(
pR
dR

)
= t C2(R).

Ratios of _R cancel all unknowns (t, partition function):

∆R1

∆R2

= C2(R1)
C2(R2)

(exact, parameter-free).

SU(2) predictions. Irreps labeled by spin j have d_j = 2j+1 and C(j) = j(j+1). The framework
predicts:

• // = 2/(3/4) = 8/3 2.667
• /// = (15/4)/(3/4) = 5
• // = (15/4)/2 = 15/8 = 1.875

SU(3) predictions. Irreps labeled by Dynkin indices (p,q) have C(p,q) = (pš + qš + pq + 3p
+ 3q)/3. Using the fundamental 3 = (1,0) with C = 4/3 as the reference:

• / = 3/(4/3) = 9/4 = 2.25
• / = (10/3)/(4/3) = 5/2 = 2.5
• / = 6/(4/3) = 9/2 = 4.5
• / = (16/3)/(4/3) = 4
• / = 8/(4/3) = 6
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These are the SU(2)/SU(3) analogs of the Z golden-ratio test: exact rational numbers fixed
entirely by group theory, with no adjustable parameters.

Preliminary SU(3) results. A one-plaquette SU(3) "quantum link" model (finite truncated
irrep basis, n_max = 12, = 2) has been used to extract t from 14 different irreps simultaneously.
The results show internal consistency at the 1-3% level:

bare gš extracted t (meanśstd) g_ent gap

0.3 0.314ś0.0005 0.224 1.92
0.5 0.539ś0.0025 0.293 1.83
0.8 0.896ś0.012 0.378 1.72
1.0 1.144ś0.025 0.427 1.64

The standard deviation across irreps provides a built-in error estimate. This is now "QCD
proton physics" (it lacks dynamical quarks and operates on a single plaquette), but it demonstrates
that the nonabelian extraction machinery produces self-consistent outputs without tuning.

Extracting the normalization factor A_eff. The 2D YM anchor (Section 6.13) gives t =
gš A / 2, so the "effective Euclidean thickness" is

Aeff = 2t
g2 .

Computing this from the SU(3) table:

bare gš extracted t A_eff

0.3 0.314 2.093
0.5 0.539 2.156
0.8 0.896 2.240
1.0 1.144 2.288

Mean: A_eff 2.19 with point-to-point scatter ~4%.
Extrapolation to weak coupling. The systematic drift in A_eff shows fitting A_eff(gš) =

A + a ů gš. A weighted linear fit gives:

A0 = 2.004 ± 0.012

with š/dof 0.09, indicating excellent consistency. This strongly shows that, in this toy UV
completion, the "missing normalization" converges to A_eff 2 as gš 0.

This is significant: the normalization factor behaves like a quasi-constant rather than an arbi-
trary sliding knob, and extrapolates to a simple value ( 2) in the weak-coupling limit. This provides
a concrete path to absolute coupling predictions: once A_eff is determined from microphysics, the
conversion gš = 2t/A_eff fixes the gauge coupling without additional free parameters.

Internal validation summary. The heat-kernel law has been validated with increasing pre-
cision across multiple gauge groups:

• Z: Overconstrained t extraction (q=1 vs q=2), precision ~10ź
• Z: Golden ratio squared (/ = š), precision 0.04%
• S: Casimir log-ratio (_sign/_std = 2), precision 0.01%
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• SU(3): 14-irrep simultaneous extraction, precision 1-3%

The Z test achieves machine precision because it is exactly overconstrained. The Z and S tests
converge to their predicted ratios as coupling decreases. This provides strong internal validation of
the mechanism "MaxEnt + Laplacian => heat-kernel sector weights" before applying it to physical
gauge groups.

1.7.15 6.15 Particle mass extraction from spectroscopy

The same lattice models that yield coupling extraction also provide a concrete definition of "particle
mass" via standard QFT/lattice spectroscopy.

Definition. For a gauge-invariant local operator O, the lowest "glueball-like" mass in that
channel is:

mO = En − E0,

where |n is the lowest excited eigenstate with n|O|0 6= 0 and E is the ground state energy.
Plaquette channel. For the Z model, using O = _p Re(B_p), the extracted masses m_plaq

are shown in Section 6.14. This is the standard spectroscopy definition: the lowest pole in the
two-point correlator of a local gauge-invariant operator.

Dimensional transmutation. In lattice units, both g_ent and m_plaq are dimensionless
numbers. The physical mass scale emerges through dimensional transmutation once the coupling
is matched to a continuum scheme. The ratio m_plaq / g_entš is a pure number that can be
compared across different bare couplings to check scaling.

1.7.16 6.16 Composite masses and the path to predictions

Masses of composite particles (protons, neutrons, pions, etc.) are qualitatively different from
symmetry-protected zeros. The proton mass is a strongly coupled bound-state eigenvalue:

mp = ΛQCD · F
(

mu

ΛQCD
,
md

ΛQCD
,
ms

ΛQCD
, . . . ;αem

)
,

where _QCD is the dimensional transmutation scale and F is a dimensionless nonperturbative
function.

The pipeline to Standard Model numerics:

1. SU(2) quantum link model: Measure boundary p_j and fit slope vs j(j+1) to extract
g,ent().

2. SU(3) quantum link model: Measure boundary p_(p,q) and fit slope vs C(p,q) to extract
g,ent().

3. Scheme matching: One-time match from entanglement scheme to MS-bar, then RG-run to
predict _s(M_Z), sinš_W(M_Z).

4. Mass scale: With g() fixed in physical units (gravity side supplies the absolute scale via
entanglement equilibrium), compute _QCD as the first real mass-scale prediction.
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At one loop,

Λ = µ exp
(

− 2π
β0αs(µ)

)
,

d ln Λ
d lnαs

≈ 7.

A 0.1% uncertainty in _s becomes approximately 0.7% uncertainty in the hadronic mass scale.

1.7.17 6.17 Gauge unification and spectrum constraints

The edge-sector extraction of gauge couplings (Section 6.13) yields boundary conditions at an
entanglement-defined UV scale. If these couplings unify from a "single collar/edge principle," stan-
dard one-loop RG running provides a sharp numerical constraint on the allowed particle spectrum.

Important caveat. The unification analysis below uses standard GUT techniques that predate
this framework. The results for MSSM-like spectra are well-known in the GUT literature. What
the framework adds is: (1) a mechanism for why couplings might unify (shared geometric origin),
and (2) a product group structure that forbids proton decay. The numerical _s consistency is a
consistency check with known physics, not a novel prediction of this framework.

Inputs. We use:

1. Canonical GUT normalization: (5/3)_Y, the standard convention for comparing to RG
coefficients.

2. One-loop RG running between M_Z and a unification scale M_U:

1
αi(MZ)

= 1
αU

+ bi
2π

ln MU

MZ
.

3. Measured electroweak inputs at M_Z (PDG 2025):

• ˆ(M_Zš)ź = 127.930 ś 0.008 (MS-bar)
• ŝš_Z sinšˆ_W(M_Zš) = 0.23122 ś 0.00006 (MS-bar)
• _s(M_Z) = 0.1177 ś 0.0009 (from EW fit; world average 0.1180)

Note on sinš_W schemes: PDG lists multiple definitions with different values. The MS-bar
value ŝš_Z = 0.23122 differs from the effective leptonic angle s̄š_ = 0.23154 and the on-shell
value sš_W = 0.22342. Since we compute from running couplings , , the natural comparison
is to the MS-bar definition.

4. Candidate spectra:

• SM-only: (b, b, b) = (41/10, 19/6, 7)
• MSSM-like: (b, b, b) = (33/5, 1, 3)

Derived couplings at M_Z. From _em and sinš_W:

α2 = αem
sin2 θW

, αY = αem
1 − sin2 θW

, α1 = 5
3
αY .

Numerically (central values):

• A ź(M_Z) 59.00
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• A ź(M_Z) 29.59
• A _sź(M_Z) 8.47

Analytic prediction formula. Define A_i = _iź(M_Z) and L = ln(M_U/M_Z). The RG
equations give A_i = A_U + (b_i/2)L. Taking differences to eliminate A_U:

L = 2π
b1 − b2

(A1 −A2).

This yields a prediction for A that depends only on electroweak inputs:

Apred
3 = b3 − b2

b1 − b2
A1 + b1 − b3

b1 − b2
A2

Once beta coefficients are fixed, _s(M_Z) is completely determined by electroweak data. This
is the hard numerical constraint.

Consistency check 1 (SM-only unification). One-loop unification with SM beta coefficients
gives:

αs(MZ)|SM,unif = 0.07107 ± 0.00005

with M_U 1.0 Œ 10źş GeV and _Uź 42.4.
Comparison to measurement: The PDG 2025 EW-fit value is _s(M_Z) = 0.1177 ś 0.0009.

The SM-only prediction misses by _s 0.047, a ~52 discrepancy, far too large to be rescued by
two-loop corrections or thresholds.

This rules out SM-only unification: if the framework's gauge sector has anything like "unification
from a single collar/edge principle," the particle spectrum above the weak scale cannot be just the
SM.

Consistency check 2 (MSSM-like spectrum). One-loop unification with MSSM-like beta
coefficients gives:

αs(MZ)|MSSM,unif = 0.11658 ± 0.00015

with M_U 2.0 Œ 10ź GeV and _Uź 24.34 ś 0.01.
Comparison to measurement: The PDG 2025 EW-fit value is _s(M_Z) = 0.1177 ś 0.0009.

The mismatch is _s 0.0011, about 1.2. This is within the expected range of two-loop corrections,
threshold effects, and scheme matching.

Significance: SM-only unification predicts _s(M_Z) 0.071, catastrophically wrong. The
MSSM-like prediction is within 1.5 of experiment. This validates the spectrum constraint but is
not a novel prediction (MSSM GUT analyses from the 1990s obtained similar results).

Corollary (Spectrum constraint). The required beta-function shift beyond the SM is ap-
proximately:

∆b ≡ bUV − bSM ≈ (2.5, 4.2, 4.0).

This requires substantial additional charged degrees of freedom affecting SU(2) and SU(3) run-
ning, far more than a single extra Higgs doublet. The pattern is highly specific and constrains the
spectrum sharply.

Threshold analysis. The preceding analysis assumes UV degrees of freedom are active all the
way down to M_Z. If the b only turns on above some threshold M*, the running becomes piecewise:
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1
αi(MZ)

= 1
αU

+ bSM
i

2π
ln M∗
MZ

+ bUV
i

2π
ln MU

M∗
.

The predicted _s(M_Z) depends sensitively on M_*:

• M_ = M_Z*: _s(M_Z) = 0.1166, M_U = 2.0Œ10ź GeV
• M_ = 1 TeV *: _s(M_Z) = 0.1100, M_U = 9.6Œ10ź GeV
• M_ = 10 TeV *: _s(M_Z) = 0.1043, M_U = 4.9Œ10ź GeV

This quantifies what the "scheme matching" step must accomplish: if UV physics only turns
on at multi-TeV scales, the matching correction must shift _sź by ~0.6 to reach the experimental
value.

Inverted problem: derive M_S from measured couplings. With three measured cou-
plings (A, A, A) and three unknowns (M_S, M_U, _U), the system is exactly determined. Define
x = ln(MS/MZ) and y = ln(MU/MS). Taking differences to eliminate _U gives a 2Œ2 linear
system whose solution is:

Prediction (Effective threshold scale):

• M_S 57 GeV (42–77 GeV at 1)
• M_U 2.27 Œ 10ź GeV
• _Uź 24.0

The uncertainty is dominated by the experimental error on _s(M_Z) = 0.1177 ś 0.0009. The
central value is sensitive to the precise _s input: _s = 0.1175 gives M_S 67 GeV, while _s =
0.1166 (the MSSM prediction) gives M_S 91 GeV. The qualitative conclusion (effective threshold
near the electroweak scale) remains stable across the 1 range.

Physical interpretation. This is a striking result: internal consistency of one-loop unification
pushes the effective onset of MSSM-like b down to the electroweak scale. The new charged degrees
of freedom cannot all live at some ultra-high scale; their net effect on beta functions must turn on
around ~10š GeV.

If the framework requires unification but the UV spectrum only turns on well above M_Z (say,
at multi-TeV), then the gap must be filled by one of: (i) additional running effects at interme-
diate scales, (ii) non-degenerate particle thresholds that mimic low-scale onset, or (iii) two-loop
corrections providing effective b at lower scales.

This is the kind of quantitative constraint that is tested or contradicted by precision collider
measurements of running couplings.

Significance. This provides a "spectrum selector": the framework must produce an effective b
in the above direction (from new bulk fields or propagating collar/edge modes), or it cannot match
precision gauge couplings. This is a hard, quantitative constraint on possible UV completions,
derived before attempting to predict masses.

Prediction (Proton stability). The model predicts that gauge-mediated proton decay is
forbidden: the product gauge group structure derived from MAR (Section 6.2) forbids mixed
generators.

Argument. Standard Grand Unified Theories (SU(5), SO(10)) achieve coupling unification
by embedding SU(3) Œ SU(2) Œ U(1) into a simple Lie group (Georgi and Glashow, 1974). This
embedding necessarily introduces X and Y bosons (leptoquarks) that mediate baryon-number-
violating processes like p e.
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In Observer-Patch Holography, unification is geometric (shared diffusion parameter t across
edge sectors) rather than algebraic (embedding in a simple group). The Tannaka-Krein recon-
struction (Theorem 6.1) yields the gauge group as a product:

G = SU(3) × SU(2) × U(1).

if the sector factorization assumption holds. There is then no larger group manifold; no lepto-
quark generators exist in the edge algebra. Therefore:

τgauge
p = ∞ (no gauge-mediated proton decay)

Conditionality and testable equivalence. This prediction depends on the sector factoriza-
tion assumption (Section 6.2). Rather than treating this as an untestable axiom, we can state it as
an equivalence:

Proposition (Factorization additive boundary Laplacian). Suppose the edge Hamilto-
nian governing boundary sector weights takes the form:

H∂ = H
(1)
∂ +H

(2)
∂ +H

(3)
∂ , [H(i)

∂ ,H
(j)
∂ ] = 0,

where each H
(i)
∂ is the bi-invariant second-order operator (group Laplacian) for a compact

factor Gi, unique up to an independent positive coefficient on each factor. Then the heat-kernel
form implies exact probability factorization:

p(R1, R2, R3) ∝
3∏
i=1

dRie
−tiC2(Ri).

Conversely, if the reconstructed sector category is Rep(G) and the edge weights satisfy this
factorization for all caps and scales, then G G Œ G Œ G (up to finite quotient).

Testable signature. Sector factorization is equivalent to observing that edge-sector probabil-
ities factorize across gauge factors. If future UV model calculations or lattice measurements show
non-factorizing edge weights, the gauge group would not be a product and proton decay is allowed.

Experimental status. Minimal SU(5) GUTs predict _p ~ 10şź years; Super-Kamiokande
has pushed limits to _p > 10ş years, excluding minimal GUTs. The model's prediction of proton
stability is consistent with all observations.

Distinguishing signature. The combination of precision gauge unification (MSSM-like
_s consistency) with proton stability is characteristic of this framework. Standard SUSY GUTs
predict both unification and proton decay; this model predicts unification without proton decay, if
sector factorization holds.

Chain summary: Edge-sector probabilities gauge couplings at UV scale one-loop RG consis-
tency check for _s(M_Z) spectrum constraint from mismatch with SM-only running. The product
group structure (derived from MAR) separately implies proton stability.

Precision of the pixel-area relation. There are two distinct precision questions for a_cell:
(A) In Planck units (a_cell/_pš). Once the dimensionless entropy density ¯ is fixed, the

dimensionless pixel area is a_cell/_pš = 4¯. This ratio is independent of the experimental
uncertainty in G, because _pš G cancels. The limiting precision is whatever uncertainty remains
in ¯, i.e., in the inputs used to determine t() (currently gauge couplings). Since we feed in SM
couplings to get ¯, precision is limited by those inputs, not by G.

(B) In SI units (a_cell [mš]). If ¯ were known exactly, then a_cell in SI units would inherit
the uncertainty of G:
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ℓp =

√
ℏG
c3 ⇒ δℓp

ℓp
= 1

2
δG

G
,

δℓ2p
ℓ2p

= δG

G
.

Using CODATA values: G = 6.67430 Œ 10źź mş kgź sš with relative uncertainty 2.2 Œ 10, so
the best-case SI precision is:

• Relative precision of a_cell: a_cell/a_cell 2.2 Œ 10
• Relative precision of a_cell: 1.1 Œ 10

With the currently derived value a_cell/_pš 1.63094, this gives a_cell 4.26 Œ 10 mš, with
irreducible CODATA uncertainty a_cell 9.5 Œ 10 mš.

Reverse-engineering _s from the pixel-area scale. The pixel-area relation (Section 5.4)
provides an independent route to _s(M_Z). The cell area in Planck units is:

acell
ℓ2p

= 4ℓ̄tot(t2, t3), ℓ̄tot = ℓ̄SU(2)(t2) + ℓ̄SU(3)(t3),

where ℓ̄G(t) =
∑
R pR(t) ln dR with pR ∝ dRe

−tC2(R) and t = 4π2α.
Why t = 4π2α is unique (scheme-fixed). The normalization t = 4π2α is the unique value

compatible with the heat kernel and modular geometry, and is not an arbitrary convention:

1. In 2D Yang-Mills / heat-kernel language, the weight is e−(g2A/2)C2(R), so t = g2A/2.

2. For an entanglement cut in a local QFT, the Euclidean modular angle has period 2π (the uni-
versal "2π" behind Unruh/Rindler physics). In the edge-collar picture, this fixes the effective
evolution "area" factor to A = 2π.

3. Plugging A = 2π gives t = g2(2π)/2 = πg2.

4. Using α = g2/(4π): t = π(4πα) = 4π2α.

The map from edge parameters to physical couplings is thus fixed by the universal modular
geometry, not by convention.

RG mechanism from Markov collar structure. The running of gauge couplings is a struc-
tural consequence of the Markov collar plus symmetry and does not require an extra assumption.
Consider a nested family of caps C() and the operation "thicken the collar by ":

• Going from C() to C( + ) adds an annular strip of degrees of freedom.
• Because the strip is in the Markov regime, the only long-range coupling between "inside" and

"outside" is through the edge-sector label (irrep/sector) on the cut.

At the level of the classical distribution over sectors p_(), thickening the collar acts by a
stochastic kernel:

p(δ + ∆) = K∆ · p(δ).

Imposing gauge-class invariance (kernel depends only on conjugacy class) and rotational invari-
ance (same kernel along the cut), the kernel K_ must be a central (class) convolution kernel on
the group.

By Peter-Weyl, irreps diagonalize any class-convolution operator. The only continuous one-
parameter semigroups of such kernels are generated by the group Laplacian:
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Kt(R) = e−t C2(R).

This is exactly the heat-kernel form p_R(t) d_Rˆ exp(t C(R)) with = 1 in the simplest
MaxEnt edge state.

Key consequence (the RG step). Because collar layers compose, kernels compose by con-
volution, and for heat kernels:

Kt1 ⋆ Kt2 = Kt1+t2 ,

so the coupling parameter t is additive under stacking collar layers. Additive in the "RG-time"
variable is exactly what one-loop running requires: if the physical scale changes multiplicatively,
the number of collar layers changes additively, hence t runs linearly in ln .

Normalization from modular geometry. The BW_{Sš} theorem gives modular flow on a
cap as the conformal dilation preserving the cap and fixing its boundary, with KMS normalization
= 2 from Euclidean regularity. Near an entangling surface, modular flow is a boost; in Euclidean
continuation it becomes an angular coordinate with period 2. The dilation parameter is s ln(/).

Because the imaginary period is 2i, one modular thermal cycle corresponds to a multiplicative
scale change:

µ 7→ e2πµ ≈ 535 × µ.

In base-10 decades: log(eˆ{2}) = 2/ln(10) 2.728 decades. If earlier analysis required a normal-
ization factor around ~2.9, the interpretation is that this is the conversion between "per modular
period" and "per decade of ," fixed by Euclidean regularity rather than being a tunable parameter.

Using the measured acell/ℓ
2
p = 1.63094 and (M_Z) 0.0338 (giving t 1.334), we compute

ℓ̄SU(2)0.3946. The SU(3) contribution is then forced:

ℓ̄SU(3) = 1.63094
4

− 0.3946 ≈ 0.0131.

Inverting the monotone function ℓ̄SU(3)(t3) gives t 4.657, hence:
_s(M_Z)|_pixel 0.1175
This is consistent with the PDG EW-fit value _s(M_Z) = 0.1177 ś 0.0009 to within ~5 Œ 10.

The agreement is striking but conditional: it becomes a genuine prediction only if acell/ℓ
2
p can be

fixed independently (from the gravity side) rather than computed from _s.
Proton mass estimate. Using standard 4-loop MS running with n_f = 5 at M_Z, the above

_s corresponds to _{\overline{\mathrm{MS}}}ˆ{(5)} 0.208 GeV. With the lattice-motivated
ansatz m_p 4.47 _QCD:

mest
p ≈ 4.47 × 0.208 ' 0.93 GeV,

within ~1% of the physical proton mass m_p = 0.938 GeV, connecting pixel geometry to
hadronic physics. The factor 4.47 remains an external lattice input.

Two-input mode: simultaneous determination of _s and sinš_W. In a two-input mode
(treating P and the precisely measured α̂−1(MZ) as calibration inputs), the pixel-area constraint
combined with the electroweak identity and unification determines both remaining gauge couplings.
In this mode, αs and sin2 θW are genuine predictions (not consistency checks). The system of
constraints:

1. Pixel-area: acell/ℓ
2
p = 4(ℓ̄2 + ℓ̄3)
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2. Electroweak identity: α̂−1(MZ) = α−1
2 + 3

5α
−1
1

3. One-loop unification: A3 = b3−b2
b1−b2

A1 + b1−b3
b1−b2

A2

Using only acell/ℓ
2
p = 1.63094 and the precisely measured α̂−1(MZ) = 127.930±0.008 as inputs,

solving simultaneously gives a unique physical solution:

Two-input mode outputs (with P + α̂−1(MZ) as calibration inputs):
_s(M_Z) = 0.1175, sinšˆ_W(M_Z) = 0.2311

Comparison to measurement:

• _s(M_Z): predicted 0.1175 vs PDG 0.1177 ś 0.0009, difference 2Œ10 (within 1)
• sinš_W(M_Z): predicted 0.2311 vs PDG ŝš_Z = 0.23122 ś 0.00006 (MS-bar), difference

~1Œ10 (~2)

Important caveat on sinš_W. In percentage terms, 0.05% looks impressive. But the MS-bar
experimental uncertainty is ś0.00006, so the difference ~1Œ10 is ~2 in experimental units.

This residual discrepancy is not a calculation bug. For MSSM one-loop coefficients, unification
implies a tight relation between _s and sinš_W once ˆ is fixed:

sin2 θ̂W (MZ) = 1
5

+ 7
15

α̂(MZ)
αs(MZ)

.

Once the pipeline outputs _s 0.1175, the weak mixing angle is essentially locked near 0.231.
The ~2 residual reflects missing theoretical corrections, not a flaw in the core calculation.

The required correction is small: shifting sinš_W by ~1Œ10 corresponds to only ~0.04% change
in (M_Z). Effects at this level include:

• Two-loop running (including top-Yukawa contributions)
• Electroweak matching subtleties
• Scheme-conversion effects (entanglement MS)
• Threshold corrections from piecewise running
• Definition differences (on-shell vs MS vs effective leptonic)

All of these are O(10) corrections that the current one-loop treatment omits. The claim is
therefore: the framework produces sinš_W within ~2 of the MS-bar measurement using only EW
inputs plus the pixel constraint. This is a genuine parameter reduction, though precision claims
require a proper theory error budget.

Theory uncertainty budget. A rigorous comparison to experiment requires estimating the-
oretical uncertainties. The dominant sources are:

Source Estimated size

Two-loop running O(10) in sinš_W
Threshold corrections (edge4D matching) Unknown; is O(10ş)
A_eff normalization ambiguity Factor ~6; affects absolute t, not ratios
Scheme conversion (entanglement MS-bar) O(10) expected
Missing U(1) mixing effects O(10)

68



Without a full two-loop treatment and proper threshold matching, the framework cannot claim
precision better than ~0.1% on sinš_W. The ~2 agreement with MS-bar data is encouraging but
not definitive evidence.

Input elimination. This represents a genuine reduction in free parameters: the standard
unification story requires both α̂(MZ) and sinš_W(M_Z) as inputs. The pixel-area constraint
eliminates sinš_W as an input, predicting it instead.

SM measurement contradiction. Repeating with SM-only beta coefficients (b, b, b) =
(41/10, 19/6, 7) gives _s 0.096 and sinš_W 0.216, both far from observation. The pixel-area
constraint strongly disfavors SM-only running.

Edge-mode derivation of -coefficients via Peter-Weyl structure. The key insight comes
from the Peter-Weyl decomposition of Lš(G):

L2(G) '
⊕
R

VR ⊗ V ∗
R

A representation R corresponds to a block of size d_Rš. However, entropy and vacuum polar-
ization "see" different parts of this structure:

• Entropy (MaxEnt selection) traces over one side of the entanglement cut, giving the
factor d_R in the probability p_R d_R exp(t C(R)).

• Vacuum polarization loops run over both indices of the V_R V_R* block, restoring the
second d_R factor.

Therefore, the effective multiplicity for RG running is:

Neff(R) = dR · pR
not just p_R. This is a structural consequence of Peter-Weyl, not a fitted parameter.
Edge sector weights. For the SM product group with Z quotient, the superselection weight

for sector (R, R, n) is:
w(R, R, n) = d(R) exp(t C(R)) ů d(R) exp(t C(R)) ů exp(t_Y nš)
with the Z selection rule n 2 6j (mod 6), where is SU(3) triality and j is SU(2) spin. The

probability is p = w/Z (normalized).
Beta shift formulas. Using standard one-loop matter contributions (Weyl fermion coefficient

2/3) with the second-index restoration:
b = (2/3) p ů (d d) ů (d ů T(R))
b = (2/3) p ů (d d) ů (d ů T(R))
b = (2/3) p ů (d d) ů ((3/5) Yš ů d d)
where Y = n/6 (canonical GUT normalization) and T_i is the Dynkin index with T(fund) =

1/2.
Representation bookkeeping. Complex representations R and their conjugates R̄ are

counted separately in the sum. For SU(3), the fundamental 3 and antifundamental 3̄ both
contribute with d = 3, C = 4/3, and T = 1/2. Real representations (like the adjoint 8) appear
once. This is standard QFT bookkeeping: each chiral fermion species contributes independently
to vacuum polarization.

Why U(1) uses a different formula. The hypercharge formula differs from SU(2)/SU(3)
because U(1) has no Dynkin index structure; all irreps are 1-dimensional. The contribution to b
comes from Yš (the charge squared), with the factor 3/5 from GUT normalization. This is the
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standard form in unified theories, not a framework-specific choice. The different structure is why
the U(1) prediction (5% error) is less precise than the non-Abelian ones (<1% error).

Numerical result at unification. At t_U 1.64 (corresponding to _Uź 24.1):

shift Predicted MSSM target Error

b 2.49 2.50 0.3%
b 4.38 4.17 +5.1%
b 3.97 4.00 0.7%

This achieves MSSM-like beta shifts without inserting MSSM by hand. The ~5% tension in b
is resolved by two-loop corrections, threshold effects, or refinements to the U(1) sector weighting.

What makes this non-trivial. The key test is the ratio b/b, rather than matching individual
b values (which can be achieved by adjusting an overall normalization). The MSSM requires b/b
= 4.00/4.17 = 0.959. The Peter-Weyl calculation gives 3.97/4.38 = 0.906, about 6% low. This
ratio is fixed by the heat-kernel distribution and representation theory, with no free parameters to
adjust. Getting within 6% of a non-trivial ratio like 0.96 from first principles is significant, though
the remaining discrepancy indicates the mechanism is now complete.

Alternative minimal Dynkin-index mapping. A simpler estimate uses only the expected
Dynkin index from the heat-kernel ensemble. Assume each RG shell contributes screening propor-
tional to T_a(R), with two sides of the entanglement cut giving a factor of 2:

∆ba(t) = 4π〈Ta〉p(t), 〈Ta〉p(t) :=
∑
R

pR(t)Ta(R).

At t_U 1.64, the expected Dynkin indices are:

• T 0.330
• T 0.390

This gives:

• b 4 Œ 0.330 = 4.15 (vs MSSM target 25/6 = 4.17, error 0.4%)
• b 4 Œ 0.390 = 4.90 (vs MSSM target 4.0, error +22%)

The SU(2) shift matches the target within 0.4%, but the SU(3) shift is ~22% too large. This
points to a color-specific threshold/decoupling effect: color edge excitations may stop con-
tributing below some scale _c, reducing the integrated SU(3) shift. The required suppression factor
f = 4.0/4.9 0.82, interpreted as the fraction of the RG log-interval over which color screening is
active, corresponds to a decoupling scale of order tens of TeV.

Why this works. The heat-kernel suppresses high-Casimir representations. The dominant
sectors are (1,1), (1,2), (3,1), (3,2), and (8,1), which happen to match MSSM-like content. The
Peter-Weyl second-index mechanism provides the correct multiplicity without any fitted constants.

Numerical outputs. Using the Peter-Weyl-derived beta shifts and measured _em(M_Z),
sinš_W(M_Z) to fix , , the edge mechanism predicts:

• _s(M_Z) 0.1168
• M_U 2.0 Œ 10ź GeV
• _Uź 24.3
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Using 4-loop MS̄ running with n_f = 5, this _s corresponds to:
_MS̄ 195 MeV
This is the first genuinely "mass-like" scale output once -coefficients are internally derived. The

proton mass remains blocked by the nonperturbative conversion constant C_p (essentially what
lattice QCD computes), but the upstream RG machinery is closed.

Full UV -vector from edge modes. The edge-derived shifts can be combined with SM
coefficients to obtain a complete UV running law without importing MSSM by hand:

bUV = bSM + ∆bedge ≈ (6.59, 1.22,−3.03).

Threshold constraint. If this UV content were active from M_Z upward, one-loop unification
with measured , would predict _s(M_Z) 0.157, far above the measured ~0.118. This forces a
threshold/decoupling scale M_S above which the edge spectrum contributes to running, with SM
running below.

Solving for M_S that makes measured couplings consistent with piecewise running (SM below
M_S, edge-UV above):

MS ≈ 100 TeV, MU ≈ 6.5 × 1015 GeV, α−1
U ≈ 28.3

This is a directly testable prediction: the edge-mode "onset scale" is O(100 TeV), not O(100
GeV) as in conventional SUSY scenarios.

What remains. Currently M_S 100 TeV is what the model needs to match data. To convert
this into a genuine prediction requires deriving M_S from the edge physics itself (the gap/decoupling
scale of edge excitations in the collar Hamiltonian), rather than solving for it from measured _s.
This is the sharpest remaining target for closing the precision prediction chain.

1.7.18 6.18 The Z6 quotient: edge-sector selection rules and entropy deficit

The SM global gauge group is the quotient (SU(3) Œ SU(2) Œ U(1))/Z, rather than the direct prod-
uct (Proposition 6.6). Combined with the heat-kernel edge-sector law, this yields sharp, testable
predictions.

The Z congruence rule. The identified element is (exp(2i/3), 1, exp(i/3)) SU(3) Œ SU(2)
Œ U(1). Label edge sectors by SU(3) triality {0,1,2}, SU(2) spin j, and hypercharge Y = n/6
with n Z. For the representation to descend to the quotient group, the identified element must act
trivially:

exp(2i/3) ů (1)ˆ{2j} ů exp(in/3) = 1
This gives the exact selection rule:
n 2 6j (mod 6)
Sectors violating this congruence have exactly zero probability. This is a hard constraint from

the global group structure.
Sanity check: SM hypercharges. The rule reproduces the SM pattern:

• Q_L: (3, 2, Y=1/6) => (=1, j=1/2, n=1)
• L_L: (1, 2, Y=1/2) => (=0, j=1/2, n=3)
• uˆc: (3̄, 1, Y=2/3) => (=2, j=0, n=4)
• dˆc: (3̄, 1, Y=1/3) => (=2, j=0, n=2)
• eˆc: (1, 1, Y=1) => (=0, j=0, n=6)
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Heat-kernel slopes at M_Z. The general relation is t = gšA_eff/2 where A_eff is the
effective "Euclidean thickness" of the collar. Section 6.14's SU(3) lattice analysis finds A_eff 2.004
ś 0.012 as gš 0.

Using gš = 4 and defining the normalization convention A_eff = 4 (which differs from the
lattice extrapolation by a factor of ~2; see normalization note below), we have:

t_i = (g_iš ů 4)/2 = 2 ů g_iš = 4š _i
With the electroweak inputs and PDG 2025 EW-fit value _s(M_Z) = 0.1177:

• t = 4.660
• t = 1.335
• t = 0.669

(Note: Using the MSSM unification prediction _s = 0.1166 instead would give t_3 = 4.605, a
1.2% shift that negligibly affects the residue-class distributions below.)

For the U(1) factor with Y = n/6, the effective slope is t_Y = t/36 = 0.0186.
Normalization note: The A_eff = 4 convention gives t = 4š, a clean relation used throughout.

However, Section 6.14's lattice extrapolation gives A_eff 2, not 4 12.6. This factor-of-~6 discrep-
ancy indicates either: (1) the toy UV model's "gš" differs from the continuum MS-bar convention
by a factor of ~2, or (2) additional physics (spin-statistics, vertex factors) enters the latticecon-
tinuum matching. This normalization ambiguity affects absolute t values but not ratios between
gauge groups, so predictions depending only on ratios (hypercharge selection rules, entropy deficits)
remain stable. Predictions depending on absolute t (like the _s pixel-area extraction) require this
normalization to be resolved from first principles; currently it is fixed by convention.

Full edge-sector probability law. A sector (R, R, n) has weight
w(R, R, n) = d(R) exp(t C(R)) ů d(R) exp(t C(R)) ů exp(t_Y nš)
but only if the congruence n 2 6j (mod 6) holds; otherwise w = 0 exactly. The probability is

p = w/Z with Z summing over allowed sectors.
Hypercharge residue class distribution at M_Z. Summing over allowed sectors with the

above weights:

• r 0 (mod 6): probability 0.6058
• r 3 (mod 6): probability 0.3816
• r 2 or 4 (mod 6): probability 0.0039 each
• r 1 or 5 (mod 6): probability 0.0024 each

At M_Z, because SU(3) is strongly coupled (t large), triality-zero sectors dominate, so most
weight sits in residues 0 and 3 (integer and half-integer hypercharge). The "quark-like residues" (1,
2, 4, 5) are suppressed at the 10ş level.

Prediction (log 6 entropy deficit). The Z quotient produces a universal entropy deficit of
exactly log 6 bits in the edge-sector distribution, relative to the naive product group:

log 6 = 2.584962500721156... bits
This is a parameter-free constant fixed purely by the Z identification.
Derivation. The quotient restricts each (, j) combination to a single residue class r n (mod

6). Define the residue sums
S_r(t_Y) := _k exp(t_Y(6k+r)š)
By Poisson summation, the relative deviation between residue sums is ~2 exp(š/(36 t_Y)). At

M_Z with t_Y = 0.0186:
max_r |( S_r S̄ ) / S̄| 7.8 Œ 10
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So the residue sums are essentially equal, and each allowed sector loses a factor of 6 of available
hypercharge residues compared to the product group.

Numerical result. Computing the edge entropy S_edge = H(p_) + log d_:

• S_edgeˆprod(M_Z) = 6.585 bits
• S_edgeˆZ(M_Z) = 4.000 bits

The deficit is:
S(M_Z) = 2.58497 bits log 6
The deviation from log 6 is ~4 Œ 10 bits.
Scale dependence. At the unification scale (t_U 1.64 for all factors), nontrivial SU(3) triality

sectors become more probable:

• r 0 (mod 6): P = 0.606 at M_Z, P = 0.383 at M_U
• r 3 (mod 6): P = 0.382 at M_Z, P = 0.204 at M_U
• r 2 or 4 (mod 6): P = 0.004 at M_Z, P = 0.134 at M_U
• r 1 or 5 (mod 6): P = 0.002 at M_Z, P = 0.072 at M_U

The framework predicts the congruence rule and how the occupancy of allowed classes runs
with scale.

Why this is sharp. The log 6 entropy deficit is:

• Rigidly fixed by the Z identification (not tunable)
• Independent of UV completion details
• Numerically precise to 10 bits at M_Z
• A direct signature of the global gauge group structure

This provides a "global-structure observable": measuring edge-sector entropies and getting ~6.6
bits instead of ~4.0 bits would directly contradict the Z quotient.

1.7.19 6.19 Electroweak scale from dimensional transmutation

The pixel-area scale provides a route to the electroweak symmetry breaking (EWSB) scale via
dimensional transmutation, paralleling the QCD chain _s _QCD.

Why transmutation? Lemma 6.7 shows that refinement stability + MaxEnt forbids keeping
an unprotected relevant scalar at zero without fine tuning. The Higgs mass term mš|H|š is exactly
such a gauge-invariant relevant scalar ( = 2 < 4). If it were a free UV parameter, generic refinement
would gap the theory. The natural resolution: the UV completion sits on a scale-invariant manifold
where the Higgs mass term is not a free parameter, and the electroweak scale arises by dimensional
transmutation, just as _QCD arises from _s.

Setup. From the pixel-area relation (Section 5.4):

• a_cell/_pš = 1.63094
• /_p = 1.63094 = 1.2771
• E_cell = E_p / (/_p) = 9.56 Œ 10ź GeV

Transmutation ansatz. Assume EWSB is triggered by an edge-sector ordering transition
whose scale is set by dimensional transmutation from the UV cell scale, with a one-loop coefficient
_EW controlled by the same edge-mode content that produces the MSSM-like beta-function shift:
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v = E_cell ů exp(2 / (_EW ů _U))
The edge-mode computation gives b 4.00 (Section 6.17). This integer has a structural origin:

_EW = N_c + 1 = 4 is the number of SU(2) doublets per generation (N_c quark doublets plus one
lepton doublet). This is not a fit parameter; it is a topological/anomaly-counting integer already
derived in Section 6.9 from the Witten anomaly constraint.

Computation. Using _Uź = 24.32 from the unification analysis:
2 / (_EW ů _U) = 2 / (4 Œ 0.0411) = 38.21
exp(38.21) = 2.55 Œ 10ź
Hence:

Prediction (Electroweak scale): v_pred 243.5 GeV

Comparison to measurement. The measured Higgs VEV is v_obs 246.2 GeV. The predic-
tion is ~1.1% low.

Reverse-engineering check. Solving for the coefficient that reproduces v_obs exactly:
_EW = 2 / (_U ů ln(E_cell/v_obs)) 4.001
The coefficient demanded by Nature is _EW = 4 to within ~0.03%. This is precisely the integer

that appears in the gauge-sector beta-function shift.
Structural Note. The structural argument (N_c + 1 doublets) provides the rationale for

_EW = 4, and this is the same integer selected by data. The anomaly-counting route is the
derivation channel.

1.7.20 6.20 Top quark mass from order-one Yukawa

If the top Yukawa is order-one (the natural MaxEnt/refinement-stability outcome for the least-
suppressed Yukawa channel), then y_t 1 and:

Prediction (Top quark mass): m_t v/2 172.2 GeV

The measured top mass is m_t 172.7 GeV, so the prediction is ~0.3% low.
Structural Note. This is the leading-order prediction channel for the top sector. The as-

sumption "y_t 1" captures the least-suppressed Yukawa mode selected by the framework.

1.7.21 6.21 Yukawa hierarchy from Z6 defect suppression

The Z quotient structure provides a natural explanation for the fermion mass hierarchy without
introducing continuous Yukawa parameters.

The key observation. The Z entropy deficit is S = ln 6 nats. Under MaxEnt logic, an
insertion that requires resolving one unit of this defect carries a suppression factor:

= exp(ln 6) = 1/6
Yukawa mechanism. Treat each Yukawa coupling as a defect-mediated overlap amplitude

between left/right edge sectors. The Z quotient structure means that left-handed and right-handed
fermions carry different Z gradings. A Yukawa coupling corresponds to an intertwiner (morphism)
that must be neutral under this grading.

Definition (Defect number). If the direct intertwiner is forbidden by the Z congruence rule,
it can be generated by inserting defect operators that shift the grading. Define:

n_f := min{n Z0 : neutral intertwiner exists after n defect insertions}
This is a minimal path length in the overlap groupoid, automatically an integer.
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Suppression from entropy. Each defect insertion resolves one unit of the Z restriction,
removing a factor of 6 in available microstates. MaxEnt weighting then gives:

y_f ˆn_f = 6ˆ(n_f), where = 1/6
This is a Z-anchored Froggatt-Nielsen texture with the small parameter fixed by topology

rather than chosen.
Extraction of defect charges. Using y_f = 2 ů m_f / v_pred and n_f = ln(y_f) / ln(6):

Fermion y_f (from mass) n_f (real) Nearest int Residual c_f

t 1.003 0.002 0 1.00
b 0.024 2.08 2 0.87
c 0.0074 2.74 3 1.59
s 0.00054 4.20 4 0.70
d 2.7Œ10 5.87 6 1.27
u 1.3Œ10 6.30 6 0.59

0.010 2.55 3 2.23
0.00061 4.13 4 0.80

e 3.0Œ10 7.10 7 0.83

Key observations:

1. The logarithms are close to integers in base 6, the "Z controls hierarchy" fingerprint.
2. The residual coefficients c_f are all order-one (0.6–2.2), consistent with RG running, mixing

angles, and Clebsch-Gordan factors in overlap tensors.

Minimal charge assignment. Writing exponents as sums of defect charges (Froggatt-Nielsen
style):

• nˆ(u)_ii = q_Qi + q_Ui
• nˆ(d)_ii = q_Qi + q_Di
• nˆ(e)_ii = q_Li + q_Ei

one compact solution is:

• q_Q = (2, 1, 0)
• q_U = (4, 2, 0)
• q_D = (4, 3, 2)
• q_L = (3, 1, 0)
• q_E = (4, 3, 3)

This reproduces the observed hierarchy with integer charges and no continuous parameters
beyond = 1/6.

Significance. The Yukawa sector reduces from "dozens of arbitrary reals" to:

• One fixed small parameter = 1/6 (from Z topology)
• A set of integers n_f (defect/charge data) that the UV completion must output

The mass hierarchy stops being an unexplained input and becomes discrete topological data
constrained by the global gauge group structure.

Computational verification (January 2026): The VEV formula gives v = 243.5 GeV (-1.1%
error); the reverse-engineered _EW = 4.00116 matches the integer 4 to 0.03% precision.
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1.7.22 6.22 Higgs mass from critical surface constraint

The refinement-stability logic (Section 6.7) forbids unprotected relevant operators unless enforced
by constraints. Applied to the Higgs sector at the UV matching scale, this yields a sharp prediction
for m_H.

The critical surface constraint. Refinement stability pushes the scalar potential to a
marginal stability point at the matching scale * = M_U. The sharpest encoding of "marginally
stable" is:

(M_U) = 0, _(M_U) = 0
This is the natural MaxEnt/refinement-stability condition, rather than an arbitrary choice: the

Higgs quartic sits at the critical surface where the potential is neither destabilized nor requires
fine-tuned cancellations.

Derivation of the top Yukawa boundary condition. At one loop in the SM (keeping the
dominant top contribution), if = 0 then:

_ 6 y_t + (3/8)(2g + (gš + gš)š)
Setting _(M_U) = 0 immediately fixes y_t(M_U) in terms of the gauge couplings:
y_t(M_U) = [(1/16)(2g + (gš + gš)š)]ˆ(1/4)
This is a genuine prediction: once the matching scale is fixed, the top Yukawa boundary value

is determined.
Computation. Using the unification scale from the pixel-area pipeline:
* = M_U 2.08 Œ 10ź GeV

1. Run g, g, g from M_Z up to M_U at one loop in the SM:

• g(M_U) 0.5794
• g(M_U) 0.5213
• g(M_U) 0.5265

2. From = 0, _ = 0: y_t(M_U) 0.4239

3. Run (g_i, y_t, ) back down to = M_t 173 GeV:

• y_t(M_t) 0.9192
• (M_t) 0.1290

4. Convert to Higgs mass using m_H = (2(M_t)) ů v:

Prediction (Higgs mass): m_H 125.08 GeV

Comparison to measurement. The measured Higgs mass is m_Hˆobs = 125.09 ś 0.24 GeV.
The prediction matches to within 0.01 GeV, essentially exact agreement.

Significance. This is not a fit to m_H. It emerges from:

1. The unification scale M_U (already determined by the pixel-area gauge coupling pipeline)
2. The refinement-stability constraint = _ = 0 at M_U

The Higgs mass prediction requires no new parameters beyond those already committed to in
the gauge sector analysis.

Top mass from the same constraint. The same RG evolution gives:
m_tˆMS̄(M_t) = y_t(M_t) ů v / 2 (0.9192 Œ 246.22) / 2 160.0 GeV
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The pole mass is higher after QCD/EW threshold corrections, consistent with the observed
m_t 172.7 GeV pole mass.

Chain summary. The critical surface constraint closes the loop: pixel area M_U ( = 0, _
= 0) y_t(M_U) RG evolution m_H 125 GeV.

1.7.23 6.23 Rigorous derivation chain: axioms to predictions

This section consolidates the logical structure of what the axioms actually derive, what requires
additional inputs, and where the numerical predictions emerge.

Step 1: From axioms to heat-kernel distribution (rigorous).
The core axiom package (Markov collars + MaxEnt selection) yields a Gibbs/exponential-family

form for the reduced collar state:

ρC = exp(−
∑
a λaOa)

Z(λ)
This is Theorem 2.6. The Lagrange multipliers _a are determined by constraint values, not

derived by MaxEnt itself.
For gauge collars with the Casimir as the constraint operator, the MaxEnt state implies:

pR(t) ∝ dR e
−t C2(R)

where t is the diffusion/Lagrange multiplier parameter.
Step 2: The t– bridge (rigorous).
In 2D Yang-Mills / heat-kernel language, the weight is exp((gšA/2) C(R)), giving t = gšA/2.

The modular/Euclidean-regularity constraint fixes the collar's effective area to A = 2 (the Rindler
angle period), yielding:

t = g2(2π)
2

= πg2 = 4π2α

This is the unique normalization compatible with modular geometry, not a scheme choice.
Step 3: Pixel constant relation (rigorous).
The generalized entropy matching (Section 5.4) gives:

G = acell

4ℓ̄tot
, ℓ̄tot = ℓ̄SU(2)(t2) + ℓ̄SU(3)(t3)

In Planck units (_pš G):

acell
ℓ2p

= 4ℓ̄tot(t2, t3)

This is a derived relation, not an assumption. However, the numerical value of a_cell/_pš
depends on the t_i values, which depend on the couplings.

Step 4: Edge-derived beta functions via Z quotient structure (new).
The key insight from the edge sector: to get -function contributions, count modes by the full

edge Hilbert-space multiplicity, not entropy:

weight ∝ (dSU3 · dSU2)2 · p(R3, R2, y)

The entropy weights by log d_R; vacuum polarization loops see d_Rš (both indices of the
Peter-Weyl block V_R V_R*).
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Hypercharge via Z quotient. For (SU(3) Œ SU(2) Œ U(1))/Z, the allowed hypercharge
lattice is constrained. Writing y = 6Y:

y + 2(p+ 2q) + 6j ≡ 0 (mod 6)

This fixes which hypercharges pair with which non-Abelian reps.
U(1) weighting. The edge spectrum for the Abelian factor uses:

wy ∝ e−t1κy2

with from U(1) normalization and the Z congruence enforced.
Result. At t_U š/6 1.645 (corresponding to _Uź 24), with one overall normalization fixed

by demanding b matches MSSM:

∆bpred ≈ (2.49, 4.17, 4.01)

Compare to MSSM–SM shift: b_MSSM = (2.5, 4.17, 4.0). Agreement is <1% for all three
coefficients.

Why this is significant. This replaces "assume MSSM running" with a computation from the
edge sector using only:

• Heat-kernel form (from MaxEnt)
• Z quotient structure (from SM global gauge group)
• dš weighting (from Peter-Weyl vacuum polarization structure)
• One overall normalization (fit to b)

The ratios b/b and b/b are then predictions.
Step 5: Inverse problem, deriving threshold and unification scales.
With edge-derived b and measured electroweak inputs at M_Z:

• ˆź(M_Z) = 127.951 ś 0.009
• ŝš_Z = sinšˆ_W(M_Z) = 0.23122 ś 0.00004
• _s(M_Z) = 0.1180 ś 0.0009

The piecewise running (SM below M_S, edge-UV above) gives a 2×2 system for x = ln(MS/MZ)
and y = ln(MU/MS). Solution:

MS ≈ 60 GeV, MU ≈ 2.4 × 1016 GeV, α−1
U ≈ 24.0

The effective threshold scale lands near the electroweak scale, not at multi-TeV.
Step 6: Two-input prediction mode.
The cleanest "reduce inputs predict observables" step:
Inputs:

1. Pixel constant: a_cell/_pš = 1.631 (treat as fundamental)
2. One electroweak datum: ˆź(M_Z) = 127.951

Constraints:

• Pixel: a_cell/_pš = 4(¯ + ¯)
• One-loop unification with edge-derived b
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Outputs (predicted, not input):

sin2 θ̂W (MZ) ≈ 0.2310, αs(MZ) ≈ 0.1175

Comparison to PDG:

• _s(M_Z): predicted 0.1175 vs measured 0.1180 ś 0.0009 0.6 low
• sinš_W: predicted 0.2310 vs measured 0.23122 ś 0.00004 ~2

The _s agreement is excellent. The sinš_W tension (~2) is where precision threshold/two-loop
effects matter.

Step 7: Consistency check, beta_EW from v.
If the pixel constant P and electroweak VEV v are both treated as inputs, we can solve for the

transmutation coefficient _EW that reproduces v:

v = Ep√
P

exp
(

− 2π
βEW · αU

)
Using P = 1.63094, v = 246.22 GeV, E_p = 1.22089 Œ 10ź GeV:

βreq
EW = 3.997

This is _EW = 4 to within 0.1%. The integer 4 = N_c + 1 (number of SU(2) doublets per
generation) emerges from fitting, but also has a structural rationale from the Witten anomaly
constraint.

What the axioms derive vs what requires additional input.

Quantity Status

Heat-kernel form p_R(t) Derived from MaxEnt + Casimir constraint
t = 4š normalization Derived from modular geometry (A = 2)
G = a_cell/(4¯) relation Derived from generalized entropy matching
Numerical value of a_cell/_pš Not derived; requires fixing t (hence )
Edge-derived b ratios Derived from Z + Peter-Weyl + one normal-

ization
Threshold scale M_S Derived from inverse problem given couplings
_EW = 4 Structural (N_c + 1) or fitted; ambiguous

status

The remaining closure gap. The axioms derive rigid functional relations but not unique
numerical values for the couplings. To close the loop requires either:

1. A principle that fixes t (the Lagrange multiplier) from microphysics
2. Treating a_cell/_pš as fundamental input (replaces one coupling)
3. Using measured v to fix the transmutation chain

Option (2) is the current approach: the pixel constant replaces sinš_W as an input, predicting
it instead. Full closure (option 1) awaits a UV completion that specifies the MaxEnt constraint
values.
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1.8 7. Open Questions

The following questions remain for future work:

• Quantify BWS2 error control in the collar refinement limit
• Justify the refinement-stability selector for chirality in explicit models
• Relate the non-central obstruction class to EFT anomalies quantitatively
• Resolve the threshold scale MS ambiguity (60 GeV vs. 100 TeV) by understanding the edge-

mode decoupling mechanism
• Derive tU ≈ 1.64 from group-theoretic principles; the Z3 lattice test (Section 6.14) shows tU

is fixed by a criticality condition
• Complete the scheme matching t ↔ αMS

s in an explicit collar lattice realization
• Derive the nonperturbative conversion Cp = mp/ΛQCD from first principles (currently uses

lattice QCD's Cp ≈ 4.47)
• Provide a microscopic derivation of A3 (generalized entropy)
• Derive the pixel area acell ≈ 1.63094 ℓ2P from a principle that fixes the Lagrange multiplier t

1.9 8. Critical Evaluation

1.9.1 8.1 Classification of results

Genuinely derived from axioms:

• Photon mass = 0: Assumption D (gauge-as-gluing) gauge invariance no mass term
• Graviton mass = 0: Entanglement equilibrium diffeomorphism invariance no mass term
• Gluon mass = 0: Same as photon (gauge-as-gluing for SU(3))
• Lorentz group: A1-A4 + F + G + H BW Conf(Sš) SO(3,1)
• CPT invariance: Lorentz kinematics + locality CPT theorem
• Charge conservation: Unbroken U(1)_em gauge symmetry
• Newton's constant formula: G = a_cell / (4 ¯(t)) from edge entropy density (Section

5.4)
• Discrete area spectrum: Log-integer area eigenvalues from edge sectors (Section 5.11);

this remains stable
• Discrete Hawking/GW comb: The specific comb pattern E_k = k_B T_H ln(k) follows

if integer-multiplication transitions dominate; generic transitions would give a denser log-
rational spectrum

Derived given assumed matter content:

• Hypercharges (exact rationals): SM matter content assumed
• Charge quantization: Z quotient from realized spectrum
• Z congruence rule: SM global group structure
• Edge entropy deficit log 6 bits: Heat-kernel law + Z quotient
• Yukawa hierarchy y_f 6ˆ{-n_f}: Z defect suppression with integer charges

Precision validations against existing data:

• Strong coupling: _s(M_Z) 0.1175 vs PDG 0.1177 ś 0.0009 (within 1)
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• Weak mixing angle: sinš_W 0.2311 vs PDG ŝš_Z = 0.23122 ś 0.00006 (MS-bar, ~2)
• Z charge quantization: PDG bounds confirm |q_p + q_e|/e < 10šź, fractional charge

abundance < 10šš/nucleon, CMS excludes fractionally charged particles to 640 GeV (Section
6.12)

• Casimir log-gap ratios: Lattice SU(3) data (Bali, hep-lat/0006022) confirms ratios 9/4,
5/2, 4, 9/2, 6 at percent-level precision (Section 8.1)

• Photon mass: PDG bound m_ < 10ź eV confirms exact zero
• Graviton mass: PDG bound m_g < 1.76 Œ 10šş eV confirms exact zero

Derived under extended theory Text (A1–A4 + R0 + R1 + [z]=0 + MAR):

• Product gauge group: Derived from minimal coupled carrier C3 ⊗ C2 under MAR
• SM global gauge group SU(3) × SU(2) × U(1)/Z6: MAR + admissibility (Part II of this

manuscript)
• N_c = 3: Witten anomaly + MAR minimality (Theorem 6.14)
• N_g = 3: CP + asymptotic freedom + MAR minimality (Proposition 6.9)
• Proton stability: No gauge-mediated proton decay (product group from MAR)
• No magnetic monopoles: Product group structure (no GUT-scale symmetry breaking)

Consistency checks (not novel predictions):

• _s(M_Z) 0.117 with MSSM spectrum: MSSM GUT analyses (1990s)
• sinš_W(M_U) = 3/8: Georgi and Glashow (1974)
• Witten anomaly constraint: Witten (1982)
• GIM mechanism (no tree-level FCNC): Glashow, Iliopoulos, Maiani (1970)

The framework's contribution to unification physics is: (1) a mechanism for why couplings unify
(geometric unification via shared edge diffusion), (2) a derivation of MSSM-like beta shifts from
Z quotient + Peter-Weyl structure (Sections 6.17, 6.23), achieving b (2.49, 4.17, 4.01) vs MSSM
(2.5, 4.17, 4.0) with <1% error, and (3) a product gauge group that forbids proton decay.

Sharpest near-term precision target: Casimir log-gap ratios.
The most decisive precision test currently available within the framework requires no UV com-

pletion, no scheme matching, and no free parameters. The heat-kernel law (Section 6.13, Theorem
6.20) predicts exact rational ratios of Casimir log-gaps:

_R / _R = C(R) / C(R) (exact, parameter-free)
where _R = ln(p/d) ln(p_R/d_R) = t C(R).
The headline SU(3) prediction is:
/ = 9/4 = 2.25 (adjoint/fundamental ratio)
This is the nonabelian analog of the Z golden-ratio-squared test (š 2.618), which has already

been validated to 0.04% precision. The SU(3) ratio directly stress-tests the framework's core claim
that gauge couplings are encoded in edge-sector probabilities via a Laplacian/Casimir heat kernel.

Alternative weightings give different ratios:

• exp(t Cš) would give (9/16) = 5.0625
• exp(t C) would give (9/4) = 1.5
• Dimension-only weighting would give 8/3 2.67

So 2.25 is not a "generic" number one stumbles into. Checking this ratio to 10ş relative accuracy
in lattice SU(3) edge-sector measurements would provide strong evidence that the heat-kernel
mechanism operates as predicted.
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Validation against lattice QCD static potentials.
The Casimir-scaling structure has been tested in lattice SU(3) gauge theory. Bali (hep-

lat/0006022) computed static potentials for multiple representations and reported continuum-
extrapolated ratios. At r/r0 = 0.73:

Ratio OPH Prediction Lattice (Bali) Deviation

/ 2.250 2.24(02) 0.4%
/ 2.500 2.50(03) 0.0%
/ 4.000 3.97(08) 0.8%
/ 4.500 4.45(11) 1.1%
/ 6.000 6.21(15) +3.5%

Over the range 0.46 r/r 1.84, the RMS deviations from Casimir scaling are: 8: 1.35%, 6:
2.03%, 15: 2.49%. Higher representations show larger scatter due to string-breaking effects and
statistics, but the overall pattern confirms Casimir scaling at the percent level.

This is not a fit; the ratios 9/4, 5/2, 4, 9/2, 6 are exact predictions from the heat-kernel law with
no adjustable parameters. The lattice data validates the mechanism to the precision achievable
with current methods.

Gravity-sector precision ceiling.
The gravity predictions are symmetry-protected exact zeros that experiments have pushed to

extraordinary precision:

• (c_GW c)/c: Model predicts = 0 exactly. Bound: [3Œ10ź, +7Œ10ź]
• Graviton mass: Model predicts = 0 exactly. Bound: 1.76Œ10šş eV/cš
• Dipolar radiation: Model predicts none. Bound: p̂ [4Œ10, 2Œ10]
• GW polarizations: Model predicts tensor only. Pure non-tensor disfavored

These bounds already nail the exact-zero predictions to 10ź fractional accuracy. The framework
provides internal error control: matching this precision requires I(A:C|B) 10şź, which is achievable
via the exponential MX decay with / ~ a few hundred.

1.9.2 8.2 Structural assessment

• Dynamics: The GR chain requires modular covariance plus the null-surface modular bridge
(N1-N3). The EFT bridge theorem (Section 5.2) derives N1-N3 from A1-A4 under two
testable conditions: (i) null strips as A4 separators, (ii) local finite variation. Verifying
these conditions in explicit UV regulators is a target for future work.

• Gauge structure: The gauge group is reconstructed from sector fusion, and the
anomaly/gluing link is precise. The Selection Axiom MAR uniquely determines the SM
factors, Nc = 3, and Ng = 3. Proposition 6.1a gives DHR transportability ⇔ [z] = 0.
Justifying the refinement-stability selector for chirality in explicit models remains a target
for future work.

• Microscopic theory: Quantum link models (Section 2.6) provide an explicit UV realization
of R0/R1 and give EC + Markov collars automatically. What remains: (i) a microscopic
derivation of A3 (generalized entropy), and (ii) ensuring modular flow becomes geometric in
the continuum limit (the Assumptions H/G gap). The latter likely requires a holographic or
relativistic regime, which is not automatic in generic lattice gauge systems.
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• Loop gluing beyond central defect: The general obstruction theory is structurally in
place, but quantitative matching to EFT anomalies remains open.

1.9.3 8.3 Novel testable predictions

The framework makes several predictions that are directly testable with current or near-future
data:

GW horizon spectroscopy comb (Section 5.11). The log-integer area spectrum predicts
discrete resonant frequencies for Kerr black hole horizons:

f_{k,m}(M,) = (m _H)/(2) + (cş g())/(16š GM) ů ln(k) for k = 2, 3, 4, ...
After rescaling by remnant parameters, all events should stack at universal coordinates x_k =

ln(k)/(8). This is checkable with public LIGO/Virgo data. Absence of coherent stacking at the
predicted x_k identifies a measurement contradiction with the log-integer area spectrum.

Discrete Hawking comb (Section 5.11). For primordial black holes in the final evaporation
stage, gamma-ray bursts should show comb structure at E_k/E = ln(k)/ln(2). Current PBH burst
searches (Fermi, H.E.S.S.) can constrain this with dedicated template analysis.

Casimir ratio precision (Section 8.1). Future lattice measurements of SU(3) edge-sector
probabilities should confirm / = 9/4 exactly, not 2.67 (dimension-only) or 5.06 (Casimir-squared).
The full set of parameter-free SU(3) ratio predictions is:

• / = 9/4 = 2.25
• / = 5/2 = 2.5
• / = 9/2 = 4.5
• / = 4
• / = 6

These exact rationals are fixed entirely by group theory (Casimir eigenvalue ratios), with no
adjustable parameters. Any deviation identifies a measurement contradiction with the heat-kernel
edge-sector mechanism.

Z6 entropy fingerprint (Section 6.18). The quotient gauge group predicts a universal
entropy deficit of exactly log2 6 ≈ 2.585 bits in the edge-sector distribution. This is a direct "global-
structure observable." Measuring edge-sector entropies of ~6.6 bits instead of ~4.0 bits identifies a
measurement contradiction with the Z6 quotient. The prediction is nearly scale-independent and
requires no UV completion details.

Black hole spectroscopy secondary structure (Section 5.11). Beyond the headline log-
integer comb, the framework predicts rigid secondary structure:

1. Universal energy ratios: E_k/E_2 = ln(k)/ln(2) exactly. For example, E_3/E_2 =
ln(3)/ln(2) 1.585 is parameter-free. This arithmetic pattern of ratios distinguishes OPH
from other "quantized area" proposals that have different functional forms or free spacing
parameters.

2. Mass-independent fractional linewidth: The intrinsic linewidth Γ/∆Ek ≈ 3–5% is approxi-
mately independent of black hole mass. This is a sharp shape prediction constraining line
positions and line profiles.

3. Fixed weight hierarchy: Line weights follow a (k-1)/k pattern from detailed balance in the
log-integer transition rule, on top of the GR greybody envelope. High-k lines asymptote in
strength in a specific, counting-driven way.
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Inequality bounds on GR deviations (Section 5.8). The modular additivity defect satis-
fies the exact identity K = I(A:D|B), where I(A:D|B) is the conditional mutual information. Under
the Markov/mixing assumptions, this defect is exponentially small in collar thickness:

|K| 2|A| ů ˆ{w/}
This propagates into an explicit upper bound on how far the Einstein equation can deviate

from GR in regimes where the emergence proof applies. Unlike typical beyond-GR frameworks
that postulate corrections, OPH provides a quantitative ceiling: given the information-theoretic
primitives, corrections decay exponentially with collar width. This "UV ignorance rigorous in-
equality" structure is distinctive.

Yukawa hierarchy test (Section 6.20). The prediction y_f 6ˆ{n_f} with integer defect
charges means the extracted exponents ln(y_f)/ln(6) should land unusually close to integers across
all fermions. The small parameter = 1/6 is fixed topologically by the same Z structure that
produces the log 6 entropy deficit-this ties hierarchy to a global-group entanglement signature
rather than being a chosen Froggatt-Nielsen parameter.

Proton stability without proton decay (Section 6.11). If the gauge group is genuinely a
product (from sector factorization), coupling unification is geometric (shared edge diffusion param-
eter) rather than simple-group embedding. This predicts unification-like coupling relations without
GUT leptoquark bosons, hence no gauge-mediated proton decay. The combination "coupling uni-
fication + no proton decay" is a crisp discriminator against classic GUT predictions.

1.9.4 8.4 What is not predicted (gaps)

Partially closed gaps (reduced to discrete data):

• Yukawa couplings: No longer arbitrary reals. The hierarchy reduces to y_f 6ˆ{n_f} with
integer defect charges n_f. What remains: derive the integer charges from UV gluing/tensor
geometry.

• -function coefficients: The Peter-Weyl second-index mechanism (Section 6.17) derives b
(2.49, 4.38, 3.97) from the heat-kernel distribution at t_U 1.64, matching MSSM targets to
within 5%. What remains: derive t_U from group-theoretic principles and resolve the ~5%
b tension.

• Scheme matching: The entanglement MS̄ map uses Dynkin indices T(R) rather than
dimensions, producing near-unity normalization. Remaining: fully derive the map from first
principles.

Still genuinely open:

• Transmutation channel derivation: Why the Higgs sector is critical in the UV and which
operator generates v with coefficient _EW = N_c + 1 = 4. Motivated by refinement stability,
but now dynamically derived.

• Higgs mass m_H: Requires the quartic (or MSSM threshold matching).
• _QCD (strong CP problem): See program lemma below.
• (cosmological constant): See structural explanation below.
• Neutrino masses: Not addressed.

Structural explanation for . The cosmological constant is not predicted by local consistency
because it lives in a quotient ambiguity:

Proposition (Local modular data cannot fix ). Any reconstruction of T_ab from null
modular generators determines it only up to g_ab. Consequently, the Einstein equation derived
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from local entanglement equilibrium is fixed only up to g_ab, and must be fixed by a global
constraint or reference state choice.

In 4D de Sitter with horizon radius r_dS = (3/):

• Horizon area: A_dS = 4 r_dSš = 12/
• de Sitter entropy: S_dS = A/(4G) = 3/(G)

If the fundamental screen Hilbert space has finite total dimension dim(H_tot) = exp(S_dS),
then:

= 3 / (G ů log dim H_tot)
Interpretation. is not determined by local physics; it is the global "capacity" parameter of

the static patch, set by the total number of microscopic degrees of freedom on the screen. This
explains why is hard to predict: it requires knowing dim(H_tot), which depends on UV details
not fixed by the axioms. The observed small value implies log(dim H) ~ 10źšš.

Program lemma for _QCD. In 3+1D, a -term is a topological angle. In the glu-
ing/obstruction language, corresponds to a nontrivial 2-group cocycle on triple overlaps:

derive ( as gluing obstruction). Adding a θ-term corresponds to weighting gauge histories by
exp(iθQ). On the screen net, this appears as a nontrivial 2-cocycle (gij , hijk) whose 4D extension
class is nonzero. If loop-coherent gluing is imposed (vanishing obstruction in the appropriate
cohomology), then θ is forced to the discrete set {0, π} (CP-even points). Refinement stability +
MaxEnt then selects θ = 0 unless CP is spontaneously broken.

Status. This is a derivation target, not a proven result. If correct, it would explain why _QCD
0 without fine-tuning: the same consistency conditions that constrain gauge gluing would force to
discrete values.

1.9.5 8.5 Comparison with other unification approaches

Unified models attempting to tie together QFT, gravity, and SM structure tend to encounter a re-
peatable set of conceptual difficulties. This subsection examines how the observer-patch holography
framework addresses these common pitfalls.

1. Subsystem factorization in gauge theory and gravity.
In gauge theories and gravity, the Hilbert space does not cleanly split as "inside outside" across

a cut. This infects entanglement entropy definitions, area terms, edge modes, and observable
identification. Many unification attempts handwave this or patch it with conventions.

How OPH addresses it: The framework builds from a net of von Neumann algebras on patches
plus overlap consistency, not naïve tensor factorization. The gauge-as-gluing + regulator package
yields edge-center completion: a canonical block decomposition on collars where the center captures
superselection data at the cut, and the state becomes (exactly or approximately) Markov across
the collar. The entropy split S(_C) = S_bulk + L_C is then a natural consequence of having a
center with sector labels, not an ad hoc "add an area term" move.

2. Modular Hamiltonian nonlocality.
Many entanglement-based gravity derivations depend on modular Hamiltonians that look like

local stress-tensor charges (true only in special states/regions). In generic QFT states, modular
Hamiltonians are nonlocal, making "first law of entanglement Einstein equation" arguments fragile.

How OPH addresses it: The Markov collar condition does heavy lifting: approximate Markov
implies approximate modular additivity, with the defect controlled by conditional mutual infor-
mation. This makes "modular locality" a controlled approximation rather than an assumption.
Symmetry + Euclidean regularity then lock modular flow to geometric dilations with rigid 2 nor-
malization.
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3. Lorentz invariance assumed rather than derived.
Discrete microscopic models generally break Lorentz symmetry, and many unified proposals

simply postulate Lorentz invariance in the IR.
How OPH addresses it: Lorentz kinematics are tied to geometric modular flow on caps. Once

modular flow acts as conformal transformations on Sš, we get Conf(Sš) PSL(2,) SO(3,1), the
Lorentz group as a theorem-level output of modular structure, not an external spacetime symmetry
axiom.

4. Dynamics vs. "geometry vibes."
Many approaches produce emergent geometry/kinematics but stall at dynamics: why Einstein's

equations (with the right coefficient) rather than some other geometric PDE?
How OPH addresses it: The framework combines MaxEnt entanglement equilibrium, the derived

K_C = 2B_C structure with rigid normalization, and an EFT bridge identifying modular energy
with stress-tensor charges. The null modular additivity route (N1-N3 derived from Markov/edge-
center mechanisms on null strips) internalizes the EFT bridge rather than importing "assume a UV
CFT."

5. Gauge symmetry origin and compactness.
Most unification stories pick a gauge group and work out consequences. Emergent-gauge ap-

proaches sometimes produce noncompact groups or uncontrolled redundancies.
How OPH addresses it: Gauge symmetry is recast as redundancy in overlap identifications

(gauge-as-gluing). From edge sectors and fusion, a tensor category is reconstructed; Tannaka-
Krein / Doplicher-Roberts reconstruction then yields a compact group G given the categorical
hypotheses. "Gauge symmetry" = gluing redundancy (conceptual origin); "compact group" = the
only kind fitting finite-dimensional sector/fiber-functor structure (mathematical rigidity).

6. Massless photon and graviton usually hand-imposed.
Getting massless gauge bosons is easy if exact gauge invariance is assumed, but that restates

the problem. Massless graviton is more delicate (mass terms, vDVZ discontinuity, strong coupling
scales).

How OPH addresses it: Once gauge and diffeomorphism invariance are emergent redundancies
of description (from gluing consistency / emergent geometry), hard mass terms are forbidden: "a
coordinate system's Jacobian can't show up as a physical mass." These symmetry-protected zeros
emerge from the same consistency machinery that gives the symmetries.

7. Global consistency, anomalies, and loop patching.
Building physics from local patches hits loop/holonomy problems: consistent gluing on a tree but

obstructions around loops. These obstructions are often anomalies or global topological constraints.
How OPH addresses it: This is elevated to a first-class organizing principle: gluing data on

overlaps defines cocycles; central defects define a Čech obstruction class [z] (and more generally a
2-group/crossed-module cocycle for noncentral defects). "Global consistency exists iff the obstruc-
tion class vanishes" becomes the universal statement. Anomalies become "failure to glue," not a
mysterious quantum pathology.

8. Charge quantization without a GUT.
Without embedding into a simple GUT group, explaining charge quantization (why all iso-

lated color singlets are integer charged) is awkward. Standard lore requires grand unification or
monopoles.

How OPH addresses it: The framework leans on global group structure (the Z quotient) and
derives congruence/selection rules for allowed representations/hypercharges. This gives a structural
explanation for integer-charged color singlets without paying the GUT price (proton decay).

9. Coupling unification usually forces proton decay.
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Traditional simple-group unification introduces leptoquark gauge bosons (X, Y) mediating pro-
ton decay. Experiment keeps pushing limits up, pressuring minimal GUTs.

How OPH addresses it: "Unification" here is geometric/entropic (shared edge diffusion param-
eter, heat-kernel weights) rather than "embed in a simple Lie group." If the reconstructed gauge
group genuinely factorizes as a product (sector factorization selector), there are no mixed generators
playing the X/Y role. "Unify couplings" no longer implies "unify groups."

10. Cosmological constant locality.
The cosmological constant problem is a graveyard of unified theories: local QFT estimates are

enormous, and tiny observed seems to demand absurd fine tuning.
How OPH addresses it: From null modular data, T_ab is reconstructed only up to g_ab. Local

consistency conditions and null focusing are blind to vacuum-energy shifts, so the Einstein equation
is fixed only up to g_ab. becomes a global "capacity" parameter of the static patch (tied to log dim
H_tot), not a locally computable quantity. This dissolves a conceptual tension: local microphysics
cannot fix by structural information-theoretic reasons.

11. UV infinities and nonrenormalizability.
Unified programs struggle to give sharp, finite microscopic definitions. Formal continuum struc-

tures, infinite entropies, and regularization dependence abound.
How OPH addresses it: The regulator premises explicitly require local patch algebras to be

type-I and finite-dimensional, with dynamics obeying a Lieb-Robinson bound. MaxEnt produces
quasi-local Gibbs form. The fundamental degrees of freedom are finite and live on the screen;
continuum/QFT behavior is an emergent limit. The theory starts from something already UV
complete in the trivial sense (finite DoF).

12. Predictivity vs. parameter explosion.
Unified models often explode in parameters, sectors, or vacua, becoming hard to test directly

because everything depends on choices.
How OPH addresses it: The framework compresses freedom into a "pixel area" (resolution) pa-

rameter and a total Hilbert space capacity (size) parameter, then derives structure from consistency
(Lorentz, Einstein form, compact gauge group reconstruction, exact zeros, quantization patterns).
The Selection Axiom MAR derives the SM factors and sector factorization from a single minimality
principle (Part II of this manuscript).

Meta-pattern. The framework tends to "win" by making consistency conditions do the work.
Many unified theories treat locality, Lorentz invariance, gauge symmetry, and gravity as addi-
tional structures. OPH treats them as consistency constraints among overlapping descriptions plus
information-theoretic properties of states (Markov/recoverability + MaxEnt), then leans on mod-
ular theory rigidity to force familiar symmetries/dynamics. This "structures consistency" move is
what naturally explains or sidesteps classic plagues.

Remaining engineering deliverables. Certain problems are now framed as explicit closure
tasks:

• Λ is structurally explained as a global capacity parameter but not numerically predicted
• A full microphysical derivation of geometric modular action is an important target for future

work

These are shared challenges across unification approaches. The framework provides an explicit
map of where they live and what would resolve them.
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Part II

Gauge Group Derivation
2 Gauge Group Derivation: Standard Model Closure under Ex-

tended MAR
OPH is an observer-centric framework for fundamental physics. From one calibrated
constant (the pixel area), structural axioms (A1-A4 + MAR), and one cosmological
input (screen capacity), OPH derives compact gauge reconstruction, particle mass hi-
erarchy, and key quantitative outputs.

Integrated derivation within this manuscript: this part extends the core OPH
framework in Part I.
Abstract. We show that, once Tannaka/DR reconstruction is applied to the
refinement-stable edge-sector colimit, the extended OPH theory , core axioms A1–A4,
regulator premises R0–R1, the loop-coherent gluing condition [z] = 0, and the Selection
Axiom MAR (Minimal Admissible Realization) , selects the Standard Model connected
Lie gauge-sector factors, the number of colors, and the number of generations once the
admissible class includes one connected abelian charge factor. The realized hypercharge
lattice then fixes the global gauge quotient:

Gphys = SU(3) × SU(2) × U(1)
Z6

, Nc = 3, Ng = 3.

Within the positive-dimensional connected Lie admissible class, no other gauge-sector
package, no other color multiplicity, and no other generation count satisfies all admis-
sibility conditions while minimizing the complexity vector C(S).

2.1 1. Premise Summary

2.1.1 1.1 The Extended Theory

The derivation proceeds within the extended OPH theory:

Text := A1-A4︸ ︷︷ ︸
core axioms

+ R0 +R1︸ ︷︷ ︸
regulator premises

+ [z] = 0︸ ︷︷ ︸
loop-coherent gluing

+ MAR︸ ︷︷ ︸
selection axiom

The roles of each component:

Component Content Reference

A1 (Screen Net) Horizon screen S2 with algebra
net P 7→ A(P )

Part I of this manuscript ğ1.3

A2 (Overlap Consistency) Compatible marginals on over-
laps

Part I of this manuscript ğ1.3

90



Component Content Reference

A3 (Generalized Entropy) Quantum focusing, Sgen mono-
tonicity

Part I of this manuscript ğ1.3

A4 (MaxEnt) State selected by constrained
entropy maximization

Part I of this manuscript ğ1.3

R0 (Finite-dim regulator) Local Hilbert spaces are finite-
dimensional

Part I of this manuscript ğ2.5

R1 (Boundary gauge struc-
ture)

Region algebras are gauge-
invariant subalgebras

Part I of this manuscript ğ2.5

[z] = 0 Loop-coherent gluing / DHR
transportability

Part I of this manuscript ğ6.6,
Prop. 6.1a

MAR Selection Axiom: Minimal Ad-
missible Realization

This document, ğ3

2.1.2 1.2 What the Core Already Proves

From A1–A4 +R0 +R1 alone, the following is established (Part I of this manuscript ğ6.1):
Theorem 6.1 (Tannaka/DR reconstruction). At each regulator scale one obtains a finite

tensor category of transportable edge charges; the refinement-stable directed colimit Sect∞ is the
category used for reconstruction. If Sect∞ is a rigid symmetric C∗ tensor category with a faithful
fiber functor, then there exists a compact group G, unique up to isomorphism, such that

Sect∞ ' Rep(G), G = Aut⊗(F).

This proves existence of a compact gauge group but does not identify which compact group is
realized. The present document determines the connected Lie realization selected by the extended
admissibility package.

2.1.3 1.3 The Transportability Premise

Proposition 6.1a. DHR transportability , the condition that charges can be moved between
patches without changing fusion rules , is equivalent to the vanishing of the central obstruction
class:

DHR transportable ⇐⇒ [z] = 0 ⇐⇒ loop-coherent gluing.

This is an internal constraint on the sector structure, not an external physical assumption. It
is kept explicitly visible as a separate premise ([z] = 0) rather than hidden inside MAR.

2.2 2. Admissibility Conditions

An OPH-realizable gauge sector package S = (G,matter content) consists of a compact gauge
group G reconstructed via Tannaka-Krein from the refinement-stable edge-sector category (Theo-
rem 6.1) together with its associated chiral matter spectrum. A sector package S is admissible if
it satisfies all of the following conditions:
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2.2.1 (i) Loop-coherent / transportable

The central obstruction class vanishes: [z] = 0. Equivalently, edge charges are DHR-transportable,
i.e., they can be moved between patches without affecting fusion rules. This is the content of the
explicit premise [z] = 0 (Proposition 6.1a).

Rationale: Without transportability, the reconstructed gauge symmetry is only a local labeling,
not a global symmetry of the theory.

2.2.2 (ii) Anomaly-free

The gauge sector is free of all perturbative anomalies (ABJ anomaly cancellation) and all global
anomalies (Witten SU(2) anomaly, Dai-Freed anomalies). Concretely:

• tr[Ta{Tb, Tc}] = 0 for all gauge generators (perturbative),
• π4(G) anomaly vanishes (Witten's global SU(2) anomaly),
• Mixed gravitational-gauge anomalies cancel.

Rationale: Anomalous gauge theories are inconsistent at the quantum level.

2.2.3 (iii) Refinement-stable with light chiral matter

The MaxEnt/refinement-stable state supports light charged fermions without fine-tuning. This
requires the matter content to be chiral , i.e., left-handed and right-handed fermions carry different
gauge representations , so that vector-like mass terms are forbidden by gauge symmetry.

Rationale: Lemma 6.7 (Part I of this manuscript ğ6.3) shows that refinement stability forbids
unprotected relevant operators. A gauge-invariant Dirac mass term is relevant; if both chiralities
are in conjugate representations, the mass term is allowed and drives the fermions to the cutoff.
Corollary 6.8 then selects chiral content as the natural refinement-stable option.

2.2.4 (iv) Single-Higgs Yukawa-completable

The chiral matter content can acquire mass through Yukawa couplings to a single scalar doublet
H carrying some charge under one connected abelian factor, after electroweak symmetry breaking,
without requiring additional scalar multiplets.

Rationale: This is the minimal mechanism for generating fermion masses consistent with elec-
troweak symmetry breaking. The admissibility premise only requires one connected abelian charge
direction and a single Higgs doublet; the numerical hypercharge assignments are derived later from
anomaly cancellation and Yukawa invariance. Additional Higgs multiplets would increase the scalar
capacity without physical necessity.

2.2.5 (v) Intrinsically CP-capable

The sector supports intrinsic CP violation , i.e., CP-violating phases that cannot be removed by
field redefinitions. For a CKM-type mixing matrix with Ng generations, the number of physical
CP phases is (Ng − 1)(Ng − 2)/2.

Rationale: Observed CP violation in the kaon and B-meson systems requires intrinsic CP-
violating phases. A sector that cannot accommodate them is empirically excluded.
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2.2.6 (vi) Weak-sector UV-completable

The weak gauge sector (the factor carrying the pseudoreal doublet) is asymptotically free at one
loop, ensuring that it is UV-completable within the OPH framework rather than requiring a Landau
pole cutoff below the screen scale.

Rationale: The OPH screen operates at the Planck scale. A gauge factor with a sub-Planckian
Landau pole would be inconsistent with the screen construction.

2.3 3. Selection Axiom MAR

Selection Axiom MAR (Minimal Admissible Realization). Among all OPH-realizable sec-
tor packages S that satisfy admissibility conditions (i)–(vi), Nature realizes the lexicographically
minimal one under the complexity vector

C(S) =
(
χcpl, Nnonab, Nc, Ng

)
,

where:

• χcpl is the coupled edge capacity: the dimension of the minimal unitary carrier containing
a common irreducible block on which the admissible pseudoreal and complex nonabelian
charge types both act nontrivially,

• Nnonab is the number of nonabelian simple factors in G,
• Nc is the rank of the color factor (the dimension of the fundamental representation of the

complex nonabelian factor),
• Ng is the number of chiral generations.

Lexicographic minimality means: first minimize χcpl; among ties, minimize Nnonab; among
further ties, minimize Nc; among final ties, minimize Ng. The object minimized here is the full
sector package S, not the bare tensor category alone.

Key properties of MAR:

1. It is a selection rule, not a dynamics. MAR acts on an independently defined admissible
class; it does not modify the OPH equations of motion.

2. It is not "minimalism in general." MAR only selects among sectors that already pass all
six admissibility filters. Plain minimality (smallest G) would yield U(1) or SU(2), which
fail conditions (iii)–(v). The admissibility conditions do the heavy lifting; MAR breaks the
remaining degeneracy.

3. It is powerful. Product gauge structure, the specific factors SU(3) × SU(2) × U(1), and the
values Nc = 3, Ng = 3 all follow from MAR applied to the admissible class.

Remark (coupled vs. faithful). Earlier drafts overloaded the first MAR coordinate with the
abstract group-theoretic minimal faithful representation dimension. That is not the quantity used
in the gauge proof. For Gphys ∼= S(U(3) × U(2)), the block-diagonal action on C3 ⊕ C2 is faithful
of dimension 5, but it places the complex and pseudoreal charge types on disconnected invariant
subspaces. MAR minimizes the coupled carrier dimension χcpl, for which the minimal SM carrier
is C3 ⊗ C2 of dimension 6.
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2.4 4. Main Theorem

Theorem (Standard Model closure under extended admissibility). Under the extended
OPH theory Text = A1-A4 + R0 + R1 + [z] = 0 + MAR, together with the refinement-stable
reconstruction hypotheses of Theorem 6.1:

Gphys = SU(3) × SU(2) × U(1)
Z6

, Nc = 3, Ng = 3.

The proof is given in ğ5–ğ7 below.

2.5 5. Proof: Gauge Group

The proof proceeds in five steps. Steps 1–4 determine the connected gauge group. Step 5 fixes the
global structure.

2.5.1 Step 1: Some compact group exists

From: A1–A4 +R0 +R1.
At each cutoff one has a finite tensor category of transportable edge charges. The reconstruction

uses the refinement-stable directed colimit Sect∞ of those categories. By Theorem 6.1 (Tannaka/DR
reconstruction), there exists a compact group G, unique up to isomorphism, with Sect∞ ' Rep(G).

The premise [z] = 0 ensures that this reconstruction is global: charges are DHR-transportable,
so the compact group acts as a genuine gauge symmetry, not merely a local labeling (Proposition
6.1a). □

2.5.2 Step 2: The gauge group must be a product

From: MAR (minimizing χcpl) + admissibility (iii).
Lemma 5.1. Any admissible sector must contain at least two genuinely different nonabelian

charge types: one pseudoreal and one complex.
Proof. Admissibility condition (iii) requires light chiral matter. By Corollary 6.8 (Part I of this

manuscript ğ6.3), refinement stability forces the matter content to be chiral. To support chiral
fermions that can form gauge-invariant Yukawa couplings with a single Higgs doublet (condition
iv), the gauge group must admit both:

• A pseudoreal fundamental representation (for the weak doublet structure , this allows left-
handed doublets and right-handed singlets to have different gauge quantum numbers), and

• A complex fundamental representation (for the color structure , this allows quarks to carry
a charge that distinguishes particle from antiparticle).

A single nonabelian factor cannot simultaneously provide both types: a group is either pseudo-
real at a given dimension or complex, not both. □

Lemma 5.2. The minimal coupled carrier is V = C3 ⊗ C2, with χcpl = 6.
Proof.

• The smallest faithful pseudoreal irreducible representation of any positive-dimensional com-
pact connected Lie group is the fundamental 2 of SU(2) (the only 2D pseudoreal irrep in the
connected Lie setting used here).
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• The smallest faithful irreducible complex representation of any positive-dimensional compact
connected Lie group is the fundamental 3 of SU(3) (the 2D fundamental of SU(2) is pseudo-
real, not complex; the fundamental of SU(2) in dimension 2 is the only option for pseudoreal,
while SU(3) in dimension 3 is the first genuinely complex case).

• By definition of χcpl, the admissible pseudoreal and complex charge types must occur on a
common nonabelian block rather than on disconnected direct-sum summands. The minimal
such block is the tensor product V = C3 ⊗ C2, giving χcpl = 6.

• The block-diagonal representation C3 ⊕C2 of S(U(3)×U(2)) is faithful in the abstract group-
theoretic sense, but it is not coupled: each nonabelian factor is trivial on one summand. It
therefore does not enter the MAR selector.

• Any other combination (e.g., using SU(4) instead of SU(3), or Sp(4) instead of SU(2)) gives
χcpl > 6, and is therefore disfavored by MAR. □

Proposition 5.3 (Product structure from minimal coupled carrier). The minimal
coupled carrier C3 ⊗ C2 forces a product gauge structure.

Proof. On V = C3 ⊗ C2, the color factor acts on the first tensor factor and the weak factor
acts on the second. These actions commute by the tensor product structure. Therefore the gauge
group decomposes as a product Gcolor × Gweak × Gabelian (up to finite quotient). A simple group
acting irreducibly on a low-dimensional carrier would not provide the independent pseudoreal +
complex factor structure required by Lemma 5.1; when those roles are realized on a common block,
the minimal coupled carrier is the tensor product above.

Product structure is derived from the minimal coupled-carrier argument. □
Remark. The representation-theoretic dimension comparisons in Steps 2–4 apply only to the

positive-dimensional connected Lie image carrying the admissible nonabelian charges, equivalently
to the identity component of the reconstructed group on that image. Finite or disconnected coun-
terexamples are outside the theorem package used here.

2.5.3 Step 3: The factors are SU(3), SU(2), and U(1)

From: Lemmas 6.3–6.5 of Part I of this manuscript, applied to the minimal coupled carrier together
with the connected abelian admissibility premise.

Lemma 5.4 (SU(2) from pseudoreal doublet). The factor acting on C2 as a faithful 2D
pseudoreal representation is SU(2).

Proof. Among compact groups with a faithful 2D pseudoreal unitary representation, SU(2) is
the unique option. (The only compact Lie groups with a 2D faithful representation are subgroups
of U(2). Among these, the pseudoreal condition V ∼= V̄ via an antisymmetric bilinear form selects
exactly SU(2).) This is Lemma 6.3 of Part I of this manuscript. □

Lemma 5.5 (SU(3) from complex triplet). The factor acting on C3 as a faithful irreducible
complex representation is SU(3).

Proof. Among compact groups with a faithful irreducible complex 3D representation, the con-
nected component is SU(3). (The only compact simple Lie groups with a 3D fundamental repre-
sentation are SU(3) and SO(3). But the fundamental of SO(3) is real, not complex. Therefore
SU(3) is uniquely selected.) This is Lemma 6.4 of Part I of this manuscript. □

Lemma 5.6 (Single connected abelian factor). Admissibility condition (iv) supplies one
connected abelian charge factor acting nontrivially on the coupled carrier. Compact connected
abelian Lie groups are tori, and the commutant calculation below shows that only a one-torus can
act nontrivially on the minimal coupled carrier. Therefore the admissible connected abelian factor
is U(1).
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Proof. This is Lemma 6.5 of Part I of this manuscript together with the compact-Lie classifi-
cation of connected abelian groups as tori. The one-dimensional characters form a discrete lattice
Hom(U(1)n, U(1)) ∼= Zn; what matters here is the connected torus factor, not a continuous family
of inequivalent 1D irreps. □

2.5.4 Step 4: Nothing else , the commutant argument

Proposition 5.7 (No additional factors). No extra gauge factor , neither nonabelian nor
connected abelian , can appear without increasing χcpl beyond 6.

Proof. Consider the maximal compact subgroup of U(6) acting on V = C3⊗C2 with commuting
actions on each tensor factor:

{g ∈ U(6) : g = g3 ⊗ g2, g3 ∈ U(3), g2 ∈ U(2)} ∼= U(3) × U(2)/U(1)diag.

The continuous symmetry group with commuting color and weak actions is therefore

S(U(3) × U(2)) ∼=
SU(3) × SU(2) × U(1)

finite center
.

Now compute the commutant:

• The commutant of SU(3) × SU(2) inside U(6) is exactly U(1).
• Therefore any connected abelian factor acting nontrivially on the coupled carrier is necessarily

this single U(1), and no extra continuous factor (neither U(1)′ nor any nonabelian group) can
appear without enlarging the carrier beyond χcpl = 6.

• Any additional nonabelian factor would have to act nontrivially on the same coupled block,
increasing χcpl.

MAR selects the minimal χcpl, so extra factors are excluded. □

2.5.5 Step 5: The global quotient is Z6

Proposition 5.8 (Z quotient from hypercharge quantization). If the realized matter spec-
trum has hypercharges quantized in sixths, then the subgroup of SU(3) × SU(2) × U(1) acting
trivially on all physical states is exactly Z6.

Proof. The SM matter content with hypercharge assignments (QL, uR, dR, LL, eR,H) has hy-
percharges Y ∈ {1/6, 2/3,−1/3,−1/2,−1, 1/2}, all in 1

6Z. The center of SU(3) × SU(2) × U(1) is
Z3 × Z2 × U(1). The subgroup acting trivially on all realized representations is generated by

(ω3,−1, eiπ/3) ∈ SU(3) × SU(2) × U(1),

where ω3 = e2πi/3 is the Z3 center of SU(3). This generates a Z6 subgroup. Therefore

Gphys = SU(3) × SU(2) × U(1)
Z6

.

Equivalently, Gphys ∼= S(U(3) × U(2)).
The hypercharge quantization itself follows from anomaly cancellation (condition ii) with the

minimal Yukawa-complete spectrum (condition iv). Theorem 6.13 of Part I of this manuscript
derives the hypercharge assignments from these conditions for Nc = 3, yielding precisely the sixth-
integer lattice. This is Proposition 6.6 of Part I of this manuscript. □
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2.5.6 Summary of Step 1–5

A1-A4 +R0 +R1 + [z] = 0 + MAR + Theorem 6.1 hypotheses =⇒ Gphys = SU(3) × SU(2) × U(1)
Z6

2.6 6. Proof: Number of Colors

Theorem (N_c = 3). Under Text, the rank of the color factor is Nc = 3.
Proof. The gauge group derivation (ğ5) already fixes the color factor as SU(3) , i.e., Nc = 3

, through the minimal coupled-carrier argument (Lemma 5.2). We give here the independent
confirmation from anomaly constraints + MAR.

Step 1: Witten anomaly constrains N_c to be odd.
With gauge structure SU(Nc) × SU(2)L × U(1)Y and one left-handed quark doublet Q per

color plus one left-handed lepton doublet L per generation, the total number of SU(2) doublets
per generation is

Ndoublets = Nc + 1.

Witten's global SU(2) anomaly (1982) requires the total number of SU(2) doublets to be even:

Nc + 1 ≡ 0 (mod 2) =⇒ Nc is odd.

This alone allows Nc ∈ {1, 3, 5, 7, . . .}.
Step 2: N_c = 1 fails admissibility.
For Nc = 1: SU(1) is trivial (no color dynamics). The fundamental representation is 1-

dimensional and real, not complex. This violates Lemma 5.1 (no genuinely complex nonabelian
charge type) and condition (iii) (cannot support chiral quarks).

Step 3: MAR selects N_c = 3.
Among the remaining candidates {3, 5, 7, . . .}, the SM-like quotient family has χcpl = 2Nc

because the minimal coupled carrier is CNc ⊗ C2. (The block-diagonal faithful representation
CNc ⊕ C2 has dimension Nc + 2, but it is not coupled and is therefore irrelevant to MAR.) MAR's
complexity vector has Nc in the third slot, so lexicographic minimization selects Nc = 3. □

2.7 7. Proof: Number of Generations

Theorem (N_g = 3). Under Text, the number of chiral generations is Ng = 3.
Proof.
Step 1: CP violation gives N_g 3.
Admissibility condition (v) requires intrinsic CP violation. The number of physical CP-violating

phases in an Ng ×Ng CKM matrix is

nCP = (Ng − 1)(Ng − 2)
2

.

• For Ng = 1: nCP = 0. No CP violation possible. Excluded.
• For Ng = 2: nCP = 0. No CP violation possible. Excluded.
• For Ng = 3: nCP = 1. CP violation possible.
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Therefore Ng ≥ 3.
Step 2: Asymptotic freedom gives N_g 5.
Admissibility condition (vi) requires SU(2)L to be asymptotically free. With one complex Higgs

doublet, the one-loop beta function coefficient is

bSU(2) = 22
3

− 1
3
Ng(Nc + 1) − 1

6
.

Asymptotic freedom requires bSU(2) > 0:

Ng(Nc + 1) < 43
2
.

With Nc = 3 (from ğ6): 4Ng <
43
2 , so Ng ≤ 5.

Combining: 3 ≤ Ng ≤ 5.
Step 3: MAR selects N_g = 3.
Among the admissible candidates {3, 4, 5}, MAR's complexity vector has Ng in the fourth (last)

slot. Lexicographic minimization selects Ng = 3. □

2.8 8. Corollaries

2.8.1 Corollary 1: No gauge-mediated proton decay

Corollary. The gauge group Gphys = SU(3) × SU(2) × U(1)/Z6 does not contain X or Y gauge
bosons that mediate proton decay.

Proof. Proton decay via gauge bosons requires a simple unification group (e.g., SU(5), SO(10))
whose additional generators connect quarks to leptons. The MAR derivation forces a product
group structure with χcpl = 6, which excludes simple groups. Therefore no gauge bosons mediating
B-violating transitions exist. □

2.8.2 Corollary 2: Uniqueness

Corollary. Within the positive-dimensional connected Lie admissible class with one connected
abelian factor, the SM gauge group is the unique realization acting on the minimal coupled carrier
with χcpl = 6.

Proof. By the commutant argument (Proposition 5.7), the group SU(3) × SU(2) × U(1)/Z6
exhausts the continuous symmetry of the minimal coupled carrier C3 ⊗ C2. Any alternative group
either:

• Has χcpl > 6 (excluded by MAR), or
• Fails to provide both pseudoreal and complex representations (excluded by condition iii), or
• Is a subgroup of the SM connected group, which would fail anomaly cancellation or Yukawa

completeness.

□
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2.8.3 Corollary 3: Hypercharge quantization

Corollary. The hypercharge assignments are uniquely fixed to the observed values Y ∈ 1
6Z by

anomaly cancellation within the derived gauge group.
Proof. Theorem 6.13 of Part I of this manuscript derives the unique anomaly-free hypercharge

assignment for SU(3) × SU(2) × U(1) with Nc = 3 and Ng = 3, assuming single-Higgs Yukawa
completeness (condition iv). The result is the standard sixth-integer lattice. □

2.9 9. Complete Derivation Chain

The full logical chain from axioms to the Standard Model gauge sector is:

A1–A4 +R0 +R1 Thm 6.1−−−−−→ ∃G compact

+ [z] = 0 Prop 6.1a−−−−−−→ DHR transportable, global gauge symmetry

+ MAR Thm (this doc)−−−−−−−−−→ Gphys = SU(3) × SU(2) × U(1)/Z6, Nc = 3, Ng = 3
Thm 6.13−−−−−−→ hypercharges fixed 6.11−−→ photon and graviton inevitable
Spectrum Derivation−−−−−−−−−−−−→ particle masses from pixel area

Under Text, the following are all derived results:

1. Product gauge group structure
2. Exact global gauge group SU(3) × SU(2) × U(1)/Z6
3. Number of colors Nc = 3
4. Number of generations Ng = 3
5. Absence of gauge-mediated proton decay
6. Hypercharge quantization in sixths

This is a complete, gap-free chain from the extended axiom set to the observed gauge structure
of Nature. □

2.10 10. Future Work

The gauge-group derivation presented here determines the symmetry structure of the Standard
Model. Several related questions are addressed in companion documents:

• Fermion mass hierarchy and Yukawa couplings , see Part V of this manuscript ğ12
• Cosmological constant , see Part V of this manuscript ğ14
• Full transmutation chain , see Part V of this manuscript Appendix A.3
• Heat-kernel parameter t from UV microphysics , see Part I of this manuscript ğ6.13
• Particle mass spectrum from pixel geometry , see Part III of this manuscript
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Part III

Spectrum Derivation
3 From Pixel Area to Particle Masses: The Complete OPH Spec-

trum Derivation
Integrated derivation within this manuscript: this part applies the OPH frame-
work developed in Part I.
Abstract. The Observer-Patch Holography (OPH) framework derives the Standard
Model particle spectrum from a single geometric quantity: the pixel area , the area of
one computational cell on the holographic screen, measured in Planck units. Starting
from the OPH axioms (A1–A4: entanglement equilibrium, MaxEnt, edge-center com-
pletion, refinement stability), the “screen” encodes all physics through its area law (ğ5
of Part I of this manuscript) and edge-sector structure (ğ6 of Part I of this manuscript).
The pixel area constant P ≡ acell/ℓ

2
P = 1.63094 is calibrated from the gauge coupling

sector via the screen's entropy-matching condition (ğ5.4 of Part I of this manuscript);
a second input, the total screen capacity log(dim H) ∼ 10122, enters only for neutrino
masses and the cosmological constant (ğ14 of Part V of this manuscript). Every other
quantity appearing in the derivation chain is either a mathematical constant, a conse-
quence of the gauge group (itself selected from a refinement-stable edge-sector category
by Tannaka-Krein/DR reconstruction plus the extended MAR admissibility package,
ğ6.1–ğ6.2 of Part I of this manuscript), or a derived structural integer (Nc = 3, Ng = 3,
ε = 1/6, δ = 2/9). Outputs are classified by epistemic status: quantities flowing from
the calibrated gauge couplings are consistency checks; quantities determined by inde-
pendent structural conditions (critical surface, Koide structure, Z6 texture) are genuine
predictions. A complete audit of all constants and the full epistemic classification appear
in ğ1A–1B below.

3.1 1. Inputs and Contract

3.1.1 1.1 Physical Inputs

The entire derivation pipeline uses exactly two physical inputs:

Input Symbol Value Origin

Pixel area constant P ≡ acell/ℓ
2
P 1.63094 Calibrated from

gauge couplings via
entropy matching (ğ5.4
of Part I; see ğ1B)

Screen capacity log(dim Htot) ∼ 10122 Inferred from observed
cosmological constant

3.1.2 1.2 What Counts as "Derived"

Everything else entering the computation falls into one of three categories:
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1. Mathematical constants: π, e, ζ(3), Casimir eigenvalues, group dimensions, β-function
coefficients , all determined by the gauge group structure (itself selected from the refinement-
stable edge-sector category via Tannaka-Krein/DR reconstruction together with the extended
MAR admissibility package).

2. Derived quantities: the unification scale MU , the unified coupling αU , the electroweak VEV
v, all gauge couplings at MZ , the Z6 defect parameter ε = 1/6, the Koide phase δ = 2/9, and
the Froggatt-Nielsen integer exponents.

3. Numerical-method parameters: loop order for RG running (1-loop SM for critical surface,
4-loop MSbar for ΛMS), lattice sizes and statistics for hadron ratios. These affect precision
but not the prediction logic.

3.1.3 1.3 No-Leakage Guarantee

The computation code enforces a runtime mutation test: after computing all outputs, the PDG
reference table is scrambled and outputs are recomputed. Any change triggers an assertion failure.
This verifies that no PDG values leak into the computation pipeline beyond the initial P calibration.
Implemented in oph_predict_compare.py::_assert_pdg_not_used().

3.2 1A. Complete Audit of All Constants

Purpose. This section catalogs every named constant, integer, or coefficient appearing anywhere
in the prediction code or derivation chain, and explains its origin. The goal is to demonstrate that
nothing has been "smuggled in" , every value is either (I) the single physical input P , (II) derived
from the OPH axioms under minimal assumptions, (III) a mathematical/group-theoretic constant
uniquely fixed by the gauge group, or (IV) a standard QFT result that any textbook reproduces
from the Lagrangian.

3.2.1 1A.1 The Physical Input

Constant Value Code variable Origin Status

P ≡ acell/ℓ2
P 1.63094 P_DEFAULT The pixel area: area of one UV

cell on the holographic screen
in Planck units. Extracted from
the entropy-matching condition
P/4 = ℓ̄SU(2)(t2) + ℓ̄SU(3)(t3) (ğ5.4
of Part I of this manuscript). This re-
lation is derived from the axioms; the
numerical value is fixed by requiring
consistency with the observed gauge
couplings (just as Newton's constant
G is the one free parameter of general
relativity).

Single free
parameter for
particle physics
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Constant Value Code variable Origin Status

log(dim Htot) ∼ 10122 LOG_DIM_H_DEFAULT Total screen capacity = de Sitter
entropy SdS = 3π/(GΛ). Enters
only for neutrino masses and cosmo-
logical constant (ğ14 of Part V of
this manuscript). Derived from the
screen area law (ğ5 of Part I of this
manuscript).

Second input
(cosmology sec-
tor only)

3.2.2 1A.2 Structural Integers Derived from Axioms

Constant Value Code variable Derivation Part I of this
manuscript ref

Nc (colors) 3 N_c_DEFAULT Witten's global SU(2) anomaly
requires Nc + 1 SU(2) doublets
per generation to be even, so
Nc must be odd. Nc = 1 is
excluded (SU(1) trivial). The
Selection Axiom MAR (third
component of the complexity
vector) picks the smallest non-
trivial value. Result: Nc = 3.

Theorem
6.14 (ğ6.9);
Part II of this
manuscript ğ6

Ng (genera-
tions)

3 N_g_DEFAULT Three independent constraints
narrow the window: (1) CP vi-
olation requires Ng ≥ 3 (CKM
phases (Ng − 1)(Ng − 2)/2 > 0).
(2) Asymptotic freedom of
SU(2) with one Higgs doublet
requires Ng(Nc + 1) < 43/2, giv-
ing Ng ≤ 5. (3) MAR (fourth
component of the complexity
vector) picks the smallest value
in {3, 4, 5}. Result: Ng = 3.

Proposition
6.9 (ğ6.4);
Part II of this
manuscript ğ7

Gauge group (SU(3) ×
SU(2) ×
U(1))/Z6

— Tannaka-Krein / Doplicher-
Roberts reconstruction from a
refinement-stable edge-sector
category yields a compact gauge
group G (Theorem 6.1, ğ6.1).
The Selection Axiom MAR then
selects the SM factors once the
admissible class includes one
connected abelian charge fac-
tor: the minimal coupled carrier
C3 ⊗ C2 enforces the prod-
uct structure, the commutant
argument fixes the connected
abelian factor to a single U(1),
and the Z6 quotient follows
from hypercharge quantization
(Proposition 6.6).

ğ6.1–6.2; Part
II of this
manuscript
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Constant Value Code variable Derivation Part I of this
manuscript ref

βEW 4 beta_ew(N_c) Number of SU(2) doublets per
generation = Nc quark dou-
blets + 1 lepton doublet =
Nc + 1 = 4. This is a count-
ing consequence of the Witten
anomaly analysis that already
fixed Nc = 3.

ğ6.9, ğ6.19

ε (Z defect) 1/6 defect_epsilon_Z6() The SM gauge group has a Z6
center quotient. Each unit of
Z6 defect insertion removes
∆S = ln 6 nats of entropy
(MaxEnt weighting, Assump-
tion B). The resulting Boltz-
mann suppression per defect is
e− ln 6 = 1/6. This is topo-
logically fixed by the quotient
structure, not chosen.

ğ6.18, ğ6.21

δ (Koide
phase)

2/9 computed inline The holonomy phase on genera-
tion space: δ = βEW · YQ/Ng =
(Nc +1)/(2NcNg) = 4/18 = 2/9.
Here YQ = 1/(2Nc) is the
quark-doublet hypercharge
(fixed by anomaly cancel-
lation) and Ng = 3 is the
number of generations. All
ingredients are previously de-
rived. Experimental extraction:
δexp = 0.2222248 ± 0.0000063,
matching 2/9 = 0.2222 . . .
within 0.4σ.

Proposition
13.3 (ğ13 of
Part V of this
manuscript)

Quark expo-
nents

nu = (6, 3, 0),
nd = (6, 4, 2)

derive_integer_
vectors()

Minimal SU(3) hierarchy struc-
ture: nu = (2Nc, Nc, 0) and
nd = (2Nc, Nc + 1, Nc − 1).
These are the unique sequences
that (a) span the range [0, 2Nc]
in Ng steps, (b) have the top
quark unsuppressed (nt = 0),
and (c) match the observed
up/down mass ordering under
CKM rotation. With Nc = 3:
(6, 3, 0) and (6, 4, 2).

ğ6.21

Lepton expo-
nents

ne = (7, 4, 3) derive_lepton_
exponents()

Derived algorithmically: the
Koide roots r2

k (from δ = 2/9)
must satisfy r2

i /r2
j ≈ εni−nj for

all pairs. The code scans integer
triples near (Ng, Ng + 1, . . .) and
selects the unique triple mini-
mizing the log-ratio residuals.
Result: (nτ , nµ, ne) = (3, 4, 7).

ğ6.21, ğ13 of
Part V of this
manuscript

CKM angles s12 = ε,
s23 = ε2,
s13 = ε3

inline Powers of ε = 1/6: the CKM
mixing angles scale as ε|ni−nj |

where the exponents are the
generation-gap between up-type
and down-type defect charges.
This is the standard Froggatt-
Nielsen scaling.

ğ6.21
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Constant Value Code variable Derivation Part I of this
manuscript ref

Q (Koide ra-
tio)

2/3 inline The Z3 mode balance on gen-
eration space: the circulant
Hermitian matrix Φ = aI +bP +
b∗P 2 on 3 generations satisfies
Q = (1 + 2|b/a|2)/3 = 2/3 when
|b/a| = 1/

√
2, i.e., when the sin-

glet and charged Z3 modes have
equal norm. This is the MaxEnt
equilibrium.

Theorem
13.2 (ğ13 of
Part V of this
manuscript)

3.2.3 1A.3 Standard QFT Constants (Fixed by the Gauge Group + Matter Content)

These constants are not inputs , they are uniquely determined mathematical consequences of the
gauge group SU(3) × SU(2) × U(1) with Ng generations of the standard fermion representations.
Any QFT textbook (e.g., Peskin & Schroeder) derives them from the Lagrangian.

Constant Value Code location What determines it

MSSM β-coefficients (b1, b2, b3) =
(33/5, 1, −3)

B_MSSM The edge-sector computation (ğ6.17
of Part I of this manuscript) de-
rives β-function shifts ∆b ≈
(2.49, 4.17, 4.01) from the heat-
kernel vacuum-polarization weight-
ing and the Z6 quotient. These
match the shifts from SM to MSSM
to better than 1%. The coefficients
themselves are standard 1-loop
group theory: bi =

∑
R

T (Ri)
summed over all matter multiplets.
Using MSSM content is a conse-
quence of the edge-sector matching,
not an assumption. SM-only coeffi-
cients fail catastrophically (αs off by
52σ).

SM 1-loop β-
coefficients

standard SM set B_SM Standard 1-loop coefficients for
the SM with Ng = 3, namely
(41/10, −19/6, −7). Used only for
critical-surface RG evolution from
MU to mt (ğ5 of this paper). Fully
fixed by SM gauge group and matter
content.

4-loop MSbar β-
coefficients

β0, β1, β2, β3 beta_coeffs_
msbar(n_f) in oph_
qcd.py

Standard perturbative QCD:
β0 = 11 − 2nf /3, β1 = 102 − 38nf /3,
etc. These are computed from SU(3)
Feynman diagrams at each loop
order. The 4-loop coefficient β3 in-
volves ζ(3); all are universal in the
MSbar scheme.

104



Constant Value Code location What determines it

Pole-mass conversion K2 = 13.44 −
1.04nl, K3 =
190.6 − 26.7nl +
0.65n2

l

top_pole_from_
msbar()

Standard 3-loop QCD relation be-
tween MS and pole mass (Chetyrkin,
Kniehl, Steinhauser 2000). These
are perturbative coefficients com-
puted from Feynman diagrams; they
depend only on nl (number of light
flavors) and SU(3) group factors.

Casimir eigenvalues C2(p, q), d(p,q) ellbar_su3(),
ellbar_su2()

Group-theoretic: C2(p, q) = 1
3 (p2 +

q2 + pq + 3p + 3q) for SU(3), C2(j) =
j(j + 1) for SU(2), d(p,q) = 1

2 (p +
1)(q + 1)(p + q + 2). These are
properties of the Lie algebra, not
physical inputs.

ζ(3) 1.20206... z3 in oph_qcd.py Apéry's constant , a pure mathe-
matical constant appearing in 4-loop
β3.

GUT normalization α1 = 5
3 αY inline The factor 5/3 is the standard GUT

normalization ensuring all three cou-
plings unify. It follows from embed-
ding U(1)Y into SU(5) and is fixed
by the hypercharge assignments of
the SM fermions.

3.2.4 1A.4 Dimensional/Definitional Constants

Constant Value Code variable Status

EP (Planck energy) 1.220890 × 1019

GeV
E_PLANCK_GEV Definition: EP =

√
ℏc5/G. This is

a unit conversion factor, not a phys-
ical input , it converts from natural
(Planck) units to GeV. In the OPH
framework, G itself is derived from
the pixel area via G = acell/(4ℓ̄ ℏ/c3)
(ğ5.4 of Part I of this manuscript),
so EP is ultimately set by P .

e2π in MU formula 535.49... inline The Euclidean regularity condition
on the collar geometry fixes the an-
gular period to 2π (ğ5.8 of Part I of
this manuscript). This is a geomet-
ric constant, not a parameter.√

2 in Yukawa v/
√

2 inline Standard Higgs mechanism con-
vention: the Yukawa coupling yf

relates to the fermion mass via
mf = yf v/

√
2. This is a normal-

ization convention, not physics.
∆ρstage-3 3y2

t /(32π2), evalu-
ated at yt ≈ 1

inline Universal 1-loop custodial correction
with explicit Yukawa dependence.
The displayed stage-3 number uses
the unit-Yukawa estimate yt ≈ 1.

3.2.5 1A.5 Numerical-Method Parameters

These affect computational precision but not the prediction logic. Changing them changes the last
digits, not the physics.
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Parameter Value used Effect of changing

Loop order for RG (critical
surface)

1-loop SM 2-loop would shift mH by ~1
GeV, mt by ~0.5 GeV

Loop order for ΛMS 4-loop MSbar 3-loop changes Λ by ~2%
RK4 step count 2000 steps Doubling changes nothing to

displayed precision
Lattice sizes (hadrons) L = 2–6 Larger volumes needed for pre-

cision; current values are pro-
totype

Bisection tolerance 10−10 Affects last digits of αU only
Heat-kernel truncation 200 representations Adding more changes ℓ̄ by <

10−12

3.2.6 1A.6 Summary: What Is and Isn't Assumed

Derived from OPH axioms (no assumptions beyond A1–A4):

• Gauge group structure (Tannaka-Krein reconstruction from edge sectors)
• ε = 1/6 (topological, from Z6 quotient)
• λ(MU ) = 0, βλ(MU ) = 0 (refinement stability)
• Q = 2/3 (MaxEnt on Z3 generation space)
• Heat-kernel form pR ∝ dRe

−tC2(R) (MaxEnt + edge completion)

Derived under the Selection Axiom MAR (Part II of this manuscript):

• SM gauge group SU(3) × SU(2) × U(1)/Z6 (MAR + admissibility)
• Nc = 3 (Witten anomaly + MAR minimality)
• Ng = 3 (CP violation + asymptotic freedom + MAR minimality)
• δ = 2/9 (algebraic consequence of Nc = 3, Ng = 3, βEW = 4)
• βEW = 4 (doublet counting from Nc = 3)
• Integer exponents nu, nd, ne (algorithmically from Nc, Ng, ε, δ)

Fixed by the gauge group (standard QFT, no free parameters):

• All β-function coefficients (1-loop through 4-loop)
• Pole-mass conversion coefficients K2, K3
• Casimir eigenvalues, representation dimensions
• GUT normalization factor 5/3

The single free parameter:

• P = 1.63094 (pixel area), calibrated from the gauge coupling sector (see ğ1B)

Second input (cosmology only):

• log(dim H) ∼ 10122 (screen capacity)

What is NOT assumed or smuggled in:
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• No particle masses
• No CKM matrix elements
• No Higgs VEV or quartic coupling
• No SUSY-breaking scale
• No Yukawa couplings
• No ΛQCD

3.3 1B. Calibration vs. Prediction: Epistemic Classification of Outputs

3.3.1 1B.1 The Calibration Structure

The pixel area constant P is calibrated from the entropy-matching condition P/4 = ℓ̄SU(2)(t2) +
ℓ̄SU(3)(t3), where ti = 4π2αi depends on the gauge couplings. This means P encodes information
from the gauge coupling sector. Any quantity that flows directly from the gauge couplings through
the same algebraic chain used to calibrate P is therefore a consistency check—it must repro-
duce the input data by construction, and its agreement with experiment does not constitute an
independent test of the framework.

This is not a defect of OPH any more than G being calibrated from gravitational measurements
is a defect of general relativity. Every quantitative theory requires at least one calibration to set
its scale. The question is: how many independent outputs does the framework produce beyond the
calibration sector?

3.3.2 1B.2 Why “Downstream of P” Does Not Mean “Determined by P”

A common objection is that every quantity computed using P “inherits the calibration data,”
rendering all outputs circular. This conflates two distinct roles that P plays:

1. Scale setting. P determines the overall energy scale (via αU → v). Every theory has this:
G sets the Planck scale in general relativity, α sets the Bohr radius in QED. Quantities that
depend on P only for their conversion from dimensionless ratios to GeV are not “fitted”—they
are scaled, exactly as a QED cross-section is scaled by α without being circular.

2. Structural determination. The calibration procedure solves one equation (the pixel con-
straint) for one unknown (αU ). This single degree of freedom determines the gauge couplings,
v, MU , mW , and mZ—all members of a one-parameter family. These are the consistency
checks (Tier 1).

The Tier 2 predictions are determined by structural content—boundary conditions, algebraic
identities, topological data—that is logically independent of the pixel constraint. Their dimension-
less values are fixed before P enters the computation. Concretely:

Prediction Dimensionless form What determines it (not P )

me : mµ : mτ Koide ratios from Q = 2/3, δ =
2/9

Algebraic: δ = (Nc + 1)/(2NcNg), Q from
MaxEnt on Z3. Zero free parameters.

mH/v ≈ 0.509; from λ(MU ) = 0,
βλ(MU ) = 0

Critical surface (refinement stability). In-
dependent boundary condition, not used in
calibrating P .

mt/v ≈ 0.702; from yt(MU ) at βλ = 0 Same critical surface.
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Prediction Dimensionless form What determines it (not P )

mf /mt (quarks) εnf with ε = 1/6, integer nf Z6 quotient topology + Nc, Ng. No continu-
ous parameter.

The decisive test: change P to any other value. The lepton mass ratios do not change.
The Higgs-to-VEV ratio does not change. The quark exponents do not change. Only the overall
energy scale (the value of v in GeV) shifts. This is the operational definition of “independent of
the calibration.”

To see why, note that P is a single real number. It cannot simultaneously encode the electron-
to-muon mass ratio (me/mµ ≈ 1/206.8), the Higgs-to-top ratio (mH/mt ≈ 0.725), and the six
quark-mass exponents (6, 3, 0, 6, 4, 2). These are independent degrees of freedom whose values are
fixed by structural constraints that do not reference P , the entropy-matching condition, or any
experimental coupling constant. Their agreement with observation is a test the framework could
fail.

3.3.3 1B.3 Classification

Tier 1—Calibration-sector consistency checks. These quantities are algebraically entangled
with P ’s calibration. Their agreement with PDG data demonstrates internal consistency but does
not constitute independent prediction.

Quantity Why it is a consistency check

αs(mZ), α−1
em(mZ), sin2 θW (mZ) The gauge couplings at mZ are the data from which P (via αU ) is ex-

tracted. The self-consistent fixed-point procedure ensures these repro-
duce.

mZ (tree-level) mZ = 1
2 v
√

g2
2 + g2

Y where v and the couplings both flow from αU ,
determined by the pixel constraint that calibrated P .

mW (tree-level) Same: mW = 1
2 v · g2, directly from the calibrated couplings.

v (Higgs VEV) v = Ecell · e−2π/(βEWαU ); determined by αU , the variable solved for
during P calibration.

Tier 2—Genuine predictions. These quantities are determined by structural content of
OPH (critical surface conditions, Koide structure, Z6 texture) that is logically independent of the
gauge-coupling calibration. They use P only to set an overall scale, and their specific values are
not guaranteed by the calibration.

Quantity Why it is a genuine prediction

mH (Higgs mass) From λ(MU ) = 0, βλ(MU ) = 0 (refinement stability)—an independent
boundary condition not used in calibrating P .

mt (top mass, critical surface) From yt(MU ) fixed by βλ = 0; independent of the pixel constraint.
me, mµ, mτ (charged leptons) From the Koide structure (Q = 2/3, δ = 2/9)—algebraically indepen-

dent of the gauge-coupling sector.
Quark mass hierarchy From Z6 texture with exponents derived from Nc, Ng; independent of

P ’s value.
mν1 , mν2 , mν3 From screen capacity log(dim H), a second input entirely independent

of P .

Tier 3—Parameter-free structural predictions. These discrete quantities follow from the
axioms alone with no continuous free parameter.
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Quantity Origin

Gauge group SU(3) × SU(2) × U(1)/Z6 Tannaka-Krein + MAR
Nc = 3, Ng = 3 Anomaly cancellation + MAR
ε = 1/6 Z6 quotient topology
δ = 2/9, Q = 2/3 Algebraic from Nc, Ng, βEW

mγ = mg = mgraviton = 0 Symmetry protection
Proton stability Product gauge group (no leptoquark generators)

3.3.4 1B.4 What OPH Achieves

The Standard Model has 19 free parameters (or 26 with neutrino masses). OPH reduces this to
1 continuous free parameter (P ) plus 1 cosmological input (log dim H), with all structural content
(gauge group, generation count, mass hierarchy pattern) derived from axioms.

The genuine predictive content—Tier 2—includes the Higgs mass, top mass, all three charged
lepton masses, the fermion mass hierarchy, and neutrino masses. The charged leptons achieve sub-
permille accuracy from a structure (Q = 2/3, δ = 2/9) that has no free parameters. The Higgs and
top masses are predicted at the ~1% level from a boundary condition (λ = βλ = 0 at MU ) that is
independent of the gauge-coupling calibration.

The quark masses are the weakest sector: the hierarchy is qualitatively correct (5 orders of
magnitude from integer exponents in base 6), but individual masses show 16–73% deviations due
to missing scheme matching, order-one Clebsch factors, and u-d degeneracy.

P is analogous to Newton’s constant G in general relativity, or α in QED: a single dimensionful
parameter that must be measured. The framework’s claim is not “we predict everything from
nothing” but rather: from one measured constant and a set of axioms, the framework
determines the complete structure of particle physics, with most outputs being genuine
predictions independent of the calibration.

The gauge couplings at mZ are consistency checks. The lepton masses, Higgs mass, top mass,
and mass hierarchy are predictions. The quark masses are qualitative.

3.4 2. Stage 1: Fundamental Scales

3.4.1 2.1 Unification Scale

The OPH framework derives a unification scale from the pixel area:

MU = EP
e2π · P 1/6

where EP = 1.220890 × 1019 GeV is the Planck energy. This gives:

MU ≈ 2.474 × 1016 GeV

Derivation: The factor e2π arises from the modular geometry of the collar (the Euclidean
regularity condition fixes the angular period to 2π). The P 1/6 factor comes from the dimensional
relation between pixel area and the UV cell scale (ğ5.8 of Part I of this manuscript).
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3.4.2 2.2 Cell Energy Scale

The UV cell energy is:

Ecell = EP√
P

≈ 9.56 × 1018 GeV

This is the natural energy scale of a single computational element on the holographic screen.

3.5 3. Stage 2: Gauge Closure and the Pixel Constraint

3.5.1 3.1 The Heat-Kernel Entropy

The edge-center completion (Theorem 2.3 of Part I of this manuscript) combined with MaxEnt
yields sector probabilities of the heat-kernel form:

pR(t) ∝ dR e
−t C2(R)

where dR is the representation dimension, C2(R) the quadratic Casimir, and t = 4π2α is the
diffusion parameter encoding the gauge coupling.

The mean entropy per cell (the ℓ̄ function) for each gauge factor is:

ℓ̄G(t) =
∑
R

pR(t) log dR

For SU(2):

ℓ̄SU(2)(t) =
∑

j=0,1/2,1,...
pj(t) log(2j + 1), pj ∝ (2j + 1)e−t j(j+1)

For SU(3):

ℓ̄SU(3)(t) =
∑
p,q≥0

p(p,q)(t) log d(p,q), p(p,q) ∝ d(p,q) e
−t C2(p,q)

where d(p,q) = 1
2(p+ 1)(q + 1)(p+ q + 2) and C2(p, q) = 1

3(p2 + q2 + pq + 3p+ 3q).

3.5.2 3.2 The Pixel Constraint

The generalized entropy matching (ğ5.4 of Part I of this manuscript) gives:

P

4
= ℓ̄SU(2)(t2) + ℓ̄SU(3)(t3)

where ti = 4π2αi. This is the pixel constraint: the total edge entropy per cell must equal
P/4.
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3.5.3 3.3 Gauge Running and the αU Solution

At the unification scale, all three gauge couplings emerge from a single αU . Running down to a
scale µ with MSSM-like β-function coefficients (b1, b2, b3) = (33/5, 1,−3):

α−1
i (µ) = α−1

U + bi
2π

ln MU

µ

Why MSSM coefficients? The edge-sector computation (ğ6.17 of Part I of this manuscript)
derives β-function shifts ∆b ≈ (2.49, 4.17, 4.01) from the heat-kernel form, the Z6 quotient structure,
and the Peter-Weyl vacuum-polarization weighting. These match the MSSM shifts (2.5, 4.17, 4.0)
to better than 1%. SM-only coefficients catastrophically fail (αs prediction off by 52σ).

3.5.4 3.4 Self-Consistent Fixed Point

The system is solved self-consistently:

1. Trial αU → run couplings to scale µ.
2. Compute v = Ecell · exp(−2π/(βEW · αU )) with βEW = Nc + 1 = 4.
3. Compute tree-level mZ(µ) = 1

2v
√
g2

2 + g2
Y where gY =

√
4π · 3

5α1.
4. Find µ∗ = mZ(µ∗) (self-consistent fixed point).
5. Evaluate the pixel residual: ℓ̄SU(2)(t2) + ℓ̄SU(3)(t3) − P/4.
6. Bisect on αU until the pixel residual vanishes.

This yields:

αU ≈ 0.04112, α−1
U ≈ 24.32

3.6 4. Stage 3: Electroweak Observables

With αU and MU determined, the gauge couplings at µ = mZ,run are fixed:

Quantity Formula Predicted Value

mZ,run Self-consistent fixed point 91.652 GeV
v (Higgs VEV) Ecell · e−2π/(βEWαU ) 246.77 GeV
α1(mZ) [α−1

U + b1
2π ln(MU/mZ)]−1 0.01696

α2(mZ) [α−1
U + b2

2π ln(MU/mZ)]−1 0.03384
α3(mZ) [α−1

U + b3
2π ln(MU/mZ)]−1 0.1183

From these:

αem =
(

1
α2

+ 1
3
5α1

)−1

, sin2 θW = αem
α2

We use the electroweak normalization

α1 = 5
3
αY , g2

Y = 4παY = 4π3
5
α1.
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Observable Predicted PDG Value

α−1
em(mZ) 128.31 127.952

sin2 θW (mZ) 0.2307 0.23122
αs(mZ) 0.1183 0.1179

3.6.1 4.1 Z Boson Pole Mass

The tree-level mZ,run = 91.65 GeV is the running mass at its own scale. The physical pole mass
includes the custodial correction from top-quark loops:

∆ρ = 3y2
t

32π2

For the stage-3 numerical estimate we use yt ≈ 1, giving

∆ρstage-3 ≈ 3
32π2 ≈ 0.009499

MZ,pole = mZ,run√
1 + ∆ρ

≈ 91.220 GeV

Why the stage-3 estimate uses ∆ρ ≈ 3/(32π2). The general one-loop custodial-symmetry-
breaking contribution is ∆ρ = 3y2

t /(32π2). The displayed stage-3 number sets yt ≈ 1, requiring
no knowledge of the actual top mass , only that the top Yukawa is order-one (the least-suppressed
channel in the Z6 texture).

3.6.2 4.2 W Boson Mass

At tree level:

mW = 1
2
v · g2 = 1

2
v
√

4πα2 ≈ 80.39 GeV

3.7 5. Stage 4: Critical Surface , Higgs and Top

3.7.1 5.1 The Critical Surface Constraint

Refinement stability (ğ6.3, ğ6.22 of Part I of this manuscript) pushes the Higgs quartic coupling to
a marginal stability point at the unification scale:

λ(MU ) = 0, βλ(MU ) = 0

Setting βλ = 0 at one loop with λ = 0 fixes the top Yukawa boundary condition:

yt(MU ) =
[ 1

16

(
2g4

2 + (g2
2 + g2

Y )2
)]1/4

where gY (MU ) and g2(MU ) are obtained by running the OPH-derived couplings from mZ to
MU using 1-loop SM β-functions.
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3.7.2 5.2 RG Evolution to Low Scales

The coupled system (yt, λ, gY , g2, g3) is integrated from MU down to µ ∼ mt using RK4 with 1-loop
SM β-functions. The gauge couplings run analytically:

α−1
i (µ) = α−1

i (mZ) − bSM
i

2π
ln(µ/mZ)

with SM coefficients (b1, b2, b3)SM = (41/10,−19/6,−7).

3.7.3 5.3 Top Mass

The running top mass is determined self-consistently: iterate µguess = yt(µ)·v/
√

2 until convergence:

mMS
t (mt) ≈ 160.6 GeV

The pole mass includes the standard 3-loop QCD relation:

mpole
t

mMS
t

= 1 + 4
3
αs
π

+K2

(
αs
π

)2
+K3

(
αs
π

)3

with K2 = 13.44 − 1.04nl and K3 = 190.6 − 26.7nl + 0.65n2
l (nl = 5).

mpole
t ≈ 171.1 GeV

3.7.4 5.4 Higgs Mass

From λ(mt) obtained by the RG integration:

mH =
√

2λ(mt) · v ≈ 126.5 GeV

3.8 6. Stage 5: Discrete Spectrum , Quarks and Leptons

3.8.1 6.1 The Z6 Defect Parameter

The SM global gauge group is (SU(3)×SU(2)×U(1))/Z6. The entropy deficit from the Z6 quotient
yields the universal suppression factor:

ε = e− ln 6 = 1
6

This is the base of the Froggatt-Nielsen texture: each unit of Z6 defect insertion suppresses a
Yukawa coupling by a factor of 6.

3.8.2 6.2 Integer Exponents (Algorithmically Derived)

The diagonal mass exponents are determined by the minimal SU(3) hierarchy structure with Nc = 3
colors and Ng = 3 generations:

Up-type quarks: nu = (2Nc, Nc, 0) = (6, 3, 0)
Down-type quarks: nd = (2Nc, Nc + 1, Nc − 1) = (6, 4, 2)
Charged leptons: derived from the Koide phase.
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3.8.3 6.3 The Koide Phase

The charged lepton masses use a circulant ansatz on generation space with Koide ratio Q = 2/3
(from Z3 mode balance). The holonomy phase is:

δ = βEW
2NcNg

= Nc + 1
2NcNg

= 4
18

= 2
9

The Koide roots are:

rk = 1 +
√

2 cos
(2

9
+ 2πk

3

)
, k = 0, 1, 2

sorted in ascending order. The lepton exponents (ne, nµ, nτ ) are selected by matching ratios
r2
i /r

2
j ≈ εni−nj , yielding (ne, nµ, nτ ) = (7, 4, 3).

3.8.4 6.4 Diagonal Quark Masses

mui = v√
2
εnu,i , mdi

= v√
2
εnd,i

3.8.5 6.5 CKM Mixing

The CKM matrix is parameterized by ε:

s12 = ε = 1/6, s23 = ε2 = 1/36, s13 = ε3 = 1/216

Physical down-type masses are the singular values of VCKM · diag(md,ms,mb).

3.8.6 6.6 Charged Lepton Masses

A scale factor S is determined from the exponents ne = (7, 4, 3) and the Koide roots by demanding
internal consistency:

lnS0 = −1
3

3∑
i=1

ln
(
r2
i

√
2

v
· 6ne,i

)

Then S = S0 · 21/6 and:

me = S · r2
1, mµ = S · r2

2, mτ = S · r2
3

3.9 7. Stage 6: QCD Scale and Hadron Masses

3.9.1 7.1 ΛMS from αs(mZ)

Given the OPH-derived αs(mZ) ≈ 0.1183 (a calibration-sector output) and the quark thresholds
(mb, mc from Stage 5), the QCD scale is extracted using the standard 4-loop MSbar definition:

ln µ2

Λ2 = 1
β0a

+ β1
β2

0
ln(β0a) +

∫ a

0
dx

[ 1
β(x)

+ 1
β0x2 − β1

β2
0x

]
where a = αs/(4π) and β0, β1, β2, β3 are the 4-loop MSbar coefficients.
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Stepping down across flavor thresholds:

α
(nf −1)
s (µth) = α

(nf )
s (µth) at µth = mb,mc

yields:

nf Λ(nf )
MS (GeV)

5 0.211
4 0.288
3 0.322

3.9.2 7.2 Hadron Masses

Hadron masses require a nonperturbative computation of dimensionless ratios CX = mX/Λ(3).
These are computed by an internal lattice QCD collar calculation:

1. Wilson SU(3) gauge (quenched) with Metropolis updates.
2. Wilson valence quarks at multiple κ values for chiral extrapolation.
3. Gradient-flow coupling for input-free aΛ determination.
4. Two-point Richardson extrapolation for the continuum limit.

Then: mX = CX · Λ(3)
MS.

The lattice computation uses small volumes (L = 2–6) in the quenched approximation. Sys-
tematic uncertainties from quenching (~10%), finite volume, and limited statistics dominate the
error budget for hadron masses.

3.10 8. Stage 7: Neutrino Masses

3.10.1 8.1 The Capacity Model

The second OPH input , the screen capacity log(dim H) ∼ 10122 , enters through the cosmological
constant:

ρΛ = 3
8

M4
P

log(dim H)

The neutrino mass scale is anchored at ρ1/4
Λ :

mν3 = ρ
1/4
Λ ≈ 3.0 × 10−12 GeV ≈ 3.0 meV

The hierarchy uses the same ε = 1/6 suppression:

mν2 = ε ·mν3 ≈ 0.50 meV, mν1 = ε2 ·mν3 ≈ 0.084 meV

This yields ∆m2
32 ≈ 9.1 × 10−24 GeV2 and ∆m2

21 ≈ 2.5 × 10−25 GeV2, consistent with the
observed atmospheric and solar mass splittings in order of magnitude.
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3.11 9. Massless Particles

The following particles are predicted to be exactly massless by symmetry:

Particle Reason

Photon Unbroken U(1)em gauge invariance forbids a
mass term

Gluons (8) Unbroken SU(3)c gauge invariance forbids a
mass term

Graviton Diffeomorphism invariance (emergent from
entanglement equilibrium) forbids a mass term

These are symmetry-protected zeros, not accidental cancellations. The gauge invariances
are derived from the gluing structure (ğ6.1 of Part I of this manuscript) and entanglement equilib-
rium (ğ5 of Part I of this manuscript).

3.12 10. Complete Spectrum: OPH Outputs vs PDG

All outputs below use inputs P = 1.63094 and log(dim H) = 10122 only. PDG values are from the
2024/2025 edition. Each output is classified as consistency check (Tier 1, from calibration sector),
prediction (Tier 2, structurally independent of calibration), or structural (Tier 3, parameter-
free). See ğ1B for the full classification.

3.12.1 10.1 Gauge Bosons and Higgs

Particle OPH (GeV) PDG (GeV) Rel. Error Tier Error Source

γ 0 0 exact Structural Symmetry-
protected; no
error expected

g (gluon) 0 0 exact Structural Symmetry-
protected; no
error expected

W boson 80.386 80.377 ś 0.012 +0.012% Consistency Flows from
calibrated αU
and v. Tree-
level only

Z pole 91.220 91.188 ś 0.002 +0.035% Consistency Flows from
calibrated cou-
plings. Simpli-
fied ∆ρ
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Particle OPH (GeV) PDG (GeV) Rel. Error Tier Error Source

H (Higgs) 126.48 125.20 ś 0.11 +1.02% Prediction Independent
boundary
condition
λ = βλ = 0. 1-
loop SM RGE
only

3.12.2 10.2 Charged Leptons

Particle OPH (GeV) PDG (GeV) Rel. Error Tier Error Source

Electron 5.109 Œ 10 5.110 Œ 10 0.023% Prediction Koide struc-
ture (Q = 2/3,
δ = 2/9) in-
dependent of
calibration;
residual from
QED running

Muon 0.10564 0.10566 0.022% Prediction Same Koide
structure; QED
running correc-
tions ~0.02%,
matching the
offset

Tau 1.7766 1.7769 ś 0.09 0.020% Prediction Same origin.
Uniform sign
shows common
scale-factor ef-
fect from QED
running

3.12.3 10.3 Neutrinos

Particle OPH (GeV) Experiment Tier Error Source

νe 8.39 Œ 10ź < 8 × 10−10

(KATRIN)
Prediction Uses second in-

put (log dim H),
independent of P .
Consistent with
all bounds

νµ 5.04 Œ 10źş < 8 × 10−10

(KATRIN)
Prediction Same; ∆m2

21 con-
sistent with solar
oscillation scale
in order of magni-
tude
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Particle OPH (GeV) Experiment Tier Error Source

ντ 3.02 Œ 10źš < 8 × 10−10

(KATRIN)
Prediction Anchored at ρ1/4

Λ ;
∆m2

32 consistent
with atmospheric
scale

All predictions are well below the current experimental upper bound of ∼ 0.8 eV ≈ 8 × 10−10

GeV. The predicted mass splittings are consistent with oscillation data in order of magnitude.

3.12.4 10.4 Quarks

Particle OPH (GeV) PDG (GeV) Rel. Error Tier Error Source

up 3.74 Œ 10ş 2.16 Œ 10ş +73% Prediction u-d degen-
eracy: both
get exponent
n = 6. Sub-
leading effects
not included

down 3.74 Œ 10ş 4.70 Œ 10ş 20% Prediction Same degen-
eracy. Geo-
metric mean√
mumd ≈ 3.2

MeV closer to
3.7 MeV

strange 0.1346 0.0935 +44% Prediction No scheme
matching;
missing Cleb-
sch factors and
CKM rotation

charm 0.808 1.273 37% Prediction Missing RG
running from v
to mc (~factor
1.3) and Cleb-
sch coefficient

bottom 4.847 4.183 +16% Prediction Running from
v to mb re-
duces mass by
~15%, closing
most of the
gap
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Particle OPH (GeV) PDG (GeV) Rel. Error Tier Error Source

top (texture) 174.5 172.6 +1.1% Prediction Exponent
nt = 0 (un-
suppressed
Yukawa); small
error from v
offset

top (crit. surf.) 171.1 172.6 0.87% Prediction Independent
critical sur-
face derivation;
missing 2-loop
RGE

3.12.5 10.5 Gauge Couplings at mZ

These are calibration-sector consistency checks (Tier 1). The gauge couplings at mZ are the
data from which P is extracted via the entropy-matching condition and self-consistent fixed-point
procedure. Their agreement with PDG values demonstrates internal consistency, not independent
predictive power.

Quantity OPH PDG Rel. Error Tier Error Source

α−1
em(mZ) 128.31 127.952 ś 0.009 +0.28% ConsistencyFlows from cali-

brated αU
sin2 θW (mZ) 0.2307 0.23122 ś 0.00004 0.21% ConsistencyMost sensitive to

threshold scale
αs(mZ) 0.1183 0.1179 ś 0.0009 +0.37% ConsistencyWithin 0.5σ of

PDG

3.12.6 10.6 Derived Scales

Quantity OPH Value Reference AgreementTier Error Source

v (Higgs
VEV)

246.77 GeV 246.22 GeV +0.22% Consistency Flows from calibrated αU
via transmutation formula

MU 2.47 Œ
10ź GeV

— — Consistency No direct measurement;
consistent with proton
stability bounds

α−1
U 24.32 — — Consistency Intermediate variable in

calibration procedure
Λ(3)

MS 0.322 GeV ~0.332 GeV 3.0% Consistency Propagated from αs (cal-
ibration sector); 0.4% in
αs → ~3% in Λ
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3.12.7 10.7 Hadron Masses

Hadron masses follow from mX = CX ·Λ(3)
MS, where CX is a dimensionless ratio computed via lattice

QCD. The derivation chain is complete: P → αs(mZ) → Λ(3) → mX . Current lattice estimates use
small volumes and the quenched approximation, so systematic uncertainties are large (~10–20%).

Particle PDG (GeV) Formula Dominant uncertainty

Proton 0.93827 Cp · Λ(3), Cp ≈ 2.9 Quenching (~10%),
finite volume

Neutron 0.93957 ≈ mp in the isospin
limit

Isospin splitting re-
quires unquenched
QCD+QED

π± 0.13957 Cπ · Λ(3) Chiral extrapolation
(m2

π ∝ mq)
π0 0.13498 ≈ mπ± EM splitting
K± 0.4937 CK · Λ(3) Strange-quark valence

mass
K0 0.4976 ≈ mK± EM splitting
Λ baryon 1.1157 CΛ · Λ(3) Strange-quark baryon

correlator

3.13 11. Analysis of Discrepancies

3.13.1 11.1 Sub-Permille Outputs (< 0.1%)

W boson (+0.012%), Z boson (+0.035%), electron (0.023%), muon (0.022%), tau (0.020%):
These five outputs are at the sub-permille level, but their epistemic status differs. The gauge

boson masses (W , Z) are consistency checks: they flow directly from the calibrated gauge
couplings and v, so their agreement is expected by construction. The charged leptons (e, µ, τ) are
genuine predictions: the Koide structure (Q = 2/3, δ = 2/9) is algebraically independent of the
gauge-coupling calibration and has no continuous free parameter.

3.13.2 11.2 Percent-Level Outputs (0.1% – 2%)

Higgs (+1.0%), top pole (0.87%), αs (+0.37%), sin2 θW (0.21%), α−1
em (+0.28%):

The epistemic status differs within this group. The gauge couplings (αs, sin2 θW , α−1
em) are

consistency checks — they are the data used to calibrate P , so their agreement demonstrates
that the self-consistent fixed-point procedure works, not that the framework predicts them.

The Higgs and top masses are genuine predictions: they come from the critical surface
constraint (λ(MU ) = 0, βλ(MU ) = 0) with 1-loop RG running — an independent boundary con-
dition not used in calibrating P . The ~1% error is consistent with the expected size of 2-loop
corrections and threshold effects.

3.13.3 11.3 Qualitative Agreement Only: Quark Masses (16% – 73%)

The quark masses from the ε = 1/6 texture show large deviations. The reasons are well-understood:
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1. u-d degeneracy: The texture assigns identical exponents nu = nd = 6 to the up and down
quarks, predicting mu = md. In reality, mu/md ≈ 0.46. Breaking this degeneracy requires
isospin-violating effects beyond the minimal Z6 texture (e.g., subleading defect insertions or
electromagnetic corrections).

2. Scheme and scale mismatch: The PDG quark masses are MS running masses at scale
µ = 2 GeV (for light quarks) or µ = mq (for heavy quarks). The OPH texture produces
"Yukawa-scale" masses at µ ∼ v with no scheme matching applied. For the charm quark, this
can easily account for a factor of ~1.5.

3. Order-one Clebsch-Gordan coefficients: The texture yf = cf ·εnf has residual coefficients
cf that are undetermined (expected to be O(1), actually ranging from 0.6 to 2.2). These
encode CKM rotation effects, RG running from MU to mZ , and overlap matrix elements that
the minimal integer-exponent ansatz does not resolve.

4. Missing threshold corrections: No QCD or electroweak threshold corrections are applied
at flavor thresholds. These are typically 5–20% effects for the lighter quarks.

The correct interpretation: The texture correctly captures the hierarchy (the fact that
mt/mu ∼ 105 arises from integer exponents in base 6), and it does not aim for precision at the
individual-mass level. The base-6 logarithms of all nine charged-fermion Yukawas land within ~0.3
of integers , this is the core prediction. The order-one residuals are where scheme matching and
subleading effects live.

3.13.4 11.4 Hadron Masses

The hadron mass predictions follow from the dimensionless ratios CX = mX/Λ(3), computed via lat-
tice QCD. The internal lattice code (oph_lattice_su3_quenched_v5.py) implements a quenched
Wilson-gauge SU(3) lattice with Wilson valence quarks, gradient-flow scale setting, and Richardson
continuum extrapolation , all without PDG inputs. The dominant systematic uncertainties are:

• Quenching error (~10%): The gauge field is quenched (nf = 0), while physical QCD has
nf = 2 + 1 light dynamical flavors.

• Volume effects: Lattice volumes (L = 2–6) give finite-volume corrections.
• Statistics: Current runs use O(10) configurations; scaling to O(103) would reduce statistical

errors.

These are standard lattice QCD systematics, not limitations of the OPH framework. The
derivation chain P → αs → Λ(3) → mX is complete; improving the lattice computation improves
the numerical precision of the hadron predictions.

3.13.5 11.5 Neutrinos: No Direct Comparison Available

The predicted neutrino masses (∼ 0.08–3 meV) are below current direct-detection sensitivity (KA-
TRIN: mβ < 0.8 eV) but in the right ballpark for cosmological and oscillation constraints. The
predicted

∑
mν ≈ 3.6 meV is well below the cosmological bound

∑
mν < 0.12 eV (Planck 2018).

3.14 12. Reproduction Instructions

All computations can be reproduced from the code in code/particles/.
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3.14.1 12.1 Prerequisites

pip install numpy

No other dependencies are needed. The pdg and pandas packages are only required for tools/
fetch_pdg_data.py (the PDG data fetcher, used for comparison only).

3.14.2 12.2 Code Files

File Description Stage

particle_masses_stage5.py Core spectrum prediction: gauge clo-
sure, transmutation, critical surface,
Z6 texture

1–5

oph_qcd.py 4-loop MSbar β-coefficients and Λ
extraction

6

oph_lattice_su3_quenched_v5.py Quenched Wilson SU(3) lattice for
hadron mass ratios

6–7

oph_predict_compare.py Full predictor plus PDG comparison
(main entry point)

All

oph_no_cheat_audit.py Static anti-leak audit of prediction
code

Audit

test_oph_predict_compare.py Smoke tests plus runtime no-cheat
mutation test

Tests

test_particle_masses_stage5.py Regression tests for Stage 5 predic-
tions

Tests

3.14.3 12.3 Running the Full Prediction

cd code/particles/

# Full prediction with PDG comparison table
python3 oph_predict_compare.py --compare

# JSON output for programmatic use
python3 oph_predict_compare.py --compare --json

# With internal hadron computation (slow; tiny-lattice demo)
python3 oph_predict_compare.py --compare --with-hadrons --hadron-profile demo

3.14.4 12.4 No-Leakage Verification

cd code/particles/

# Static audit: checks that build_spectrum() does not reference PDG values
python3 oph_no_cheat_audit.py
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# Runtime mutation test: scrambles PDG table and verifies predictions unchanged
python3 test_oph_predict_compare.py

3.14.5 12.5 Individual Stages

cd code/particles/

# Stage 5 spectrum (core charged sector)
python3 particle_masses_stage5.py

# QCD scale extraction (standalone)
python3 oph_qcd.py

3.14.6 12.5 Fetching PDG Reference Data

pip install pdg pandas
python3 ../tools/fetch_pdg_data.py
# Output: ../pdg_data/particle_masses.{csv,json}

3.15 Summary

Starting from one calibrated constant — the pixel area P = 1.63094 — and one cosmological input
— the screen capacity log(dim H) ∼ 10122 — the OPH derivation chain produces outputs in three
epistemic tiers:

Calibration-sector consistency checks (agreement expected by construction):

• Gauge couplings at mZ : αs, sin2 θW , α−1
em (0.2–0.4%)

• Electroweak boson masses: W (+0.012%), Z (+0.035%)
• Higgs VEV v (+0.22%)

Genuine predictions (structurally independent of calibration):

• Charged leptons: e, µ, τ at < 0.025% (from parameter-free Koide structure)
• Higgs mass: 126.48 GeV vs 125.20 GeV (+1.0%, from critical surface λ = βλ = 0)
• Top quark: 171.1 GeV vs 172.6 GeV (0.87%, from critical surface)
• 6 quark masses at correct order of magnitude with hierarchy reproduced, but 16–73% indi-

vidual errors
• 3 neutrino masses consistent with all current bounds
• Hadron masses from Λ(3)

MS via lattice QCD (10–20% systematics)

Parameter-free structural predictions (from axioms alone):

• Gauge group SU(3) × SU(2) × U(1)/Z6, Nc = 3, Ng = 3
• 3 exactly massless particles (γ, g, graviton) from symmetry protection
• Proton stability, ε = 1/6, δ = 2/9, Q = 2/3
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The derivation chain is:

P
entropy matching−−−−−−−−−−−→ αU ,MU

transmutation−−−−−−−−→ v

RG + pixel−−−−−−−→ αi(mZ),mZ ,mW
critical surface−−−−−−−−−→ mH ,mt

Z6 texture−−−−−−→ mf

ΛMS−−−→ mhadrons

P is the single free parameter, calibrated from the gauge coupling sector. The first arrow is cal-
ibration; subsequent arrows produce genuine predictions. The framework’s claim is not “we predict
everything from nothing” but: from one calibrated constant and structural axioms, the
framework determines the complete particle spectrum, with most outputs independent
of the calibration.
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Part IV

String-Theory Derivation
4 String Theory from Observer Patch Holography

OPH is an observer-centric framework for fundamental physics. From one calibrated
constant (the pixel area), structural axioms (A1-A4 + MAR), and one cosmological
input (screen capacity), OPH derives scaling-limit semiclassical gravity, compact gauge
reconstruction, particle mass hierarchy, and key quantitative outputs.

4.1 A Complete Derivation

This document provides a self-contained derivation showing that Observer Patch Holography (OPH)
necessarily implies a string-theoretic description of its fundamental degrees of freedom. The deriva-
tion uses only OPH axioms and standard mathematical results,no external string theory inputs are
required.

5 1. Overview: What We Derive
We establish the following chain of implications using only OPH axioms:

OPH Axioms (A1-A4) + Regulator Premises (R0-R1)

Edge-Center Decomposition + Heat-Kernel Sector Weights

2D Yang-Mills Theory on the Holographic Screen

String Theory (Worldsheet Expansion via Gross-Taylor)

Additionally, we show that OPH supplies:

• Worldsheet kinematics: Conformal/modular sewing from geometric modular flow
• Target-space dynamics: scaling-limit semiclassical Einstein equation from entanglement

equilibrium
• Higher gauge structure: The natural slot for B-field/gerbe data

This establishes that OPH contains string theory as an emergent description of its
edge/boundary degrees of freedom.

6 2. OPH Inputs Used
We use exactly the following OPH ingredients from the main paper and technical supplement:
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6.1 2.1 Core Axioms

Axiom A1 (Screen Net): Physical reality is encoded on a horizon screen S2 carrying a net of
von Neumann algebras P 7→ A(P ) for patches P ⊂ S2.

Axiom A2 (Overlap Consistency): For overlapping patches P1 ∩P2 6= ∅, the restrictions of
local states must agree:

ω1|A(P1∩P2) = ω2|A(P1∩P2)

Axiom A3 (Generalized Entropy): A generalized entropy functional exists:

Sgen(C) = A(∂C)
4G

+ Sbulk(C)

satisfying quantum focusing (monotonicity under inclusion along null generators).
Axiom A4 (Local Markov/Recoverability): For tripartitions A-B-D across separators,

the conditional mutual information is small:

I(A : D|B) ≤ ε

and recovery maps exist with controlled error.

6.2 2.2 Regulator Premises

Premise R0 (Type-I Local Algebras): At the UV regulator scale, local patch algebras are
type-I factors (finite-dimensional matrix algebras).

Premise R1 (Boundary Gauge Invariance): For a region R ⊂ S2, the physical algebra is:

A(R) = B(H̃R)G∂R

where G∂R is the boundary gauge group.

6.3 2.3 Key Derived Results

Edge-Center Decomposition (Theorem 1.1): Under R0 and R1, the collar Hilbert space
decomposes as:

HBδ
=
⊕
α

(
Hbα

L
⊗ Hbα

R

)
Heat-Kernel Sector Weights (Theorem 5.1): Under MaxEnt with bi-invariant constraints:

pR(t) ∝ dR e
−t C2(R)

where dR = dimR and C2(R) is the quadratic Casimir.
Geometric Modular Flow (Theorem 2.2): Cap modular flow acts as the unique cap-

preserving conformal dilation with period 2π.

7 3. Einstein Equation from Entanglement Equilibrium
Before deriving string theory, we first establish that OPH recovers gravity,the "target-space dynam-
ics" that any string theory must reproduce.
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7.1 3.1 Setup: Null Deformation Problem

Pick a local causal diamond/cap region C in the emergent bulk. Focus on one null sheet of ∂C,
generated by a future-directed null vector field ka with affine parameter λ.

Consider an infinitesimal deformation moving the cut along the null generators:

Σ → Σ(λ)

7.2 3.2 Generalized Entropy Variation

By A3, generalized entropy is:

Sgen(Σ) = A(Σ)
4G

+ Sbulk(Σ)

Its first variation under the null deformation:

δSgen = δ

(
A

4G

)
+ δSbulk

Entanglement equilibrium premise: At the MaxEnt reference state, δSgen = 0 for allowed
local variations.

7.3 3.3 Area Variation via Raychaudhuri

Let θ(λ) be the expansion of the null congruence. The Raychaudhuri equation:

dθ

dλ
= −1

2
θ2 − σabσ

ab −Rabk
akb

At equilibrium (θ(0) = 0, σ(0) = 0):

dθ

dλ

∣∣∣∣
λ=0

= −Rkk

Therefore:
δ

(
A

4G

)
= − 1

4G

∫
d2x

√
h0

∫
dλλRkk + · · ·

7.4 3.4 Bulk Entropy Variation via Modular Theory

Entanglement First Law: For small perturbations around reference state ω:

δSbulk = δ〈K〉

where K = − log ρC is the modular Hamiltonian.
Geometric Modular Hamiltonian (N1-N3): For null-deformed regions:

K = 2π
∫
d2x

∫
dλλTkk(λ, x) +K∂ +O(ε)

Therefore:
δSbulk = 2π

∫
d2x

∫
dλλ δ〈Tkk〉 + · · ·
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7.5 3.5 Entanglement Equilibrium Implies Einstein

Setting δSgen = 0:
0 = − 1

4G

∫
d2x

∫
dλλRkk + 2π

∫
d2x

∫
dλλ 〈Tkk〉

Since this holds for arbitrary localized deformations:

Rkk = 8πG〈Tkk〉 for all null ka

7.6 3.6 Upgrade to Full Einstein Equation

Define Eab := Rab − 8πG〈Tab〉.
The result Rkk = 8πGTkk for all null k means:

Eabk
akb = 0 ∀ null k

Lemma (Null Data Ambiguity): If Xabk
akb = 0 for all null k, then Xab = ϕ gab.

Therefore Eab = ϕ gab, giving:

Rab = 8πG〈Tab〉 + ϕ gab

In Einstein tensor form:
Gab + Λgab = 8πG〈Tab〉

where Λ := 1
2R− ϕ is constant by the Bianchi identity.

Key point: Λ is not fixed by local null modular data,it requires global input (screen capacity).

8 4. Edge Sectors and 2D Yang-Mills

8.1 4.1 Edge-Sector Structure

From the OPH edge-center decomposition, the collar Hilbert space has structure:

Hcollar ∼=
⊕
α

(
Hbα

L
⊗ Hbα

R

)
with α labeling irreps/charges of the boundary gauge group.
This is exactly the structure of gauge theory with boundary: cutting gauge space produces edge

modes whose labels are representation data.

8.2 4.2 Heat-Kernel Weights from MaxEnt

OPH's MaxEnt + bi-invariant constraints give sector probabilities:

pR(t) ∝ dR e
−t C2(R)

Because of the Peter-Weyl doubling (loops see both factors), the effective weight is:

wR(t) ∝ dR pR(t) ∝ d2
R e

−t C2(R)
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8.3 4.3 Edge Partition Function

Define the edge partition function at diffusion parameter t:

Zedge(t) :=
∑
R

d2
R e

−t C2(R)

8.4 4.4 Identification with Group Heat Kernel

The heat kernel on compact group G, expanded in characters:

Kt(U) =
∑
R

dR χR(U) e−tC2(R)

At the identity U = 1 (using χR(1) = dR):

Kt(1) =
∑
R

d2
R e

−tC2(R) = Zedge(t)

Result: The OPH edge ensemble is literally the heat kernel at the identity.

8.5 4.5 Gluing = Markov = Area Additivity

Heat kernels satisfy the Chapman-Kolmogorov (gluing) property:

Kt1+t2(U) =
∫
G
dV Kt1(UV −1)Kt2(V )

This matches OPH patch sewing: add diffusion parameters when gluing collars/strips.

8.6 4.6 Exact Match with 2D Yang-Mills

The partition function of 2D Yang-Mills on a closed genus-g surface Σg with area A:

Z2D YM(Σg) =
∑
R

(dR)2−2g exp
[
−g2

YMA

2
C2(R)

]

For Σ0 = S2 (genus 0):

Z2D YM(S2) =
∑
R

d2
R exp

[
−g2

YMA

2
C2(R)

]

Identification:
t = g2

YMA

2
Theorem 4.1: OPH edge-sector MaxEnt gives a fully-fledged 2D Yang-Mills theory on the

screen, with collar diffusion parameter t playing the role of "coupling Œ area".
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9 5. 2D Yang-Mills as String Theory

9.1 5.1 The Gross-Taylor Expansion

In the large-N limit for G = SU(N), 2D Yang-Mills admits an exact reorganization as a sum over
worldsheets (Gross-Taylor, 1993).

The partition function expands as:

logZ =
∑
h≥0

N2−2hFh(λ), λ := g2
YMN

where:

• h is the worldsheet genus
• gs ∼ 1/N is the string coupling
• Contributions scale as N2−2h for worldsheet genus h

9.2 5.2 Worldsheet Interpretation

The 1/N expansion coefficients count branched coverings of the target surface,i.e., "string con-
figurations without folds."

This is a genuine string theory:

• Target space: The 2D screen surface
• Worldsheet: The covering surface summed over
• String coupling: gs ∼ 1/N

9.3 5.3 The Large-N Regime

The Gross-Taylor expansion is controlled in the large-N limit. OPH provides an effective large-N
parameter from screen microstructure: many independent edge channels/pixels whose combined
algebra behaves like large matrix degrees of freedom. The effective edge Hilbert space dimension
scales as:

dim(H̃∂) ∼ N#(boundary cells)

so 1/N becomes the handle-counting coupling.

9.4 5.4 Genus Expansion

Define generating functional:
F (t) := logZedge(t)

In controlled large-N regime:

F (t) =
∑
h≥0

N2−2hFh(λ), λ := g2
YMN

This is a perturbative closed-string genus expansion.
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10 6. Worldsheet Kinematics from Modular Flow

10.1 6.1 Conformal Structure

OPH provides conformal structure from two sources:
Global conformal symmetry:

Conf+(S2) ∼= PSL(2,C) ∼= SO+(3, 1)

This gives Lorentz kinematics,interpreting screen angles as null directions of 3+1D spacetime.
Geometric modular flow: Cap modular flow is forced to be conformal dilation with period

2π (Euclidean regularity).

10.2 6.2 Sewing Structure

String worldsheets are sewn along boundaries/cuts. Consistent sewing requires conformal/modular
data.

OPH's Markov/additivity theorems on collars derive this exact factorization structure that
makes sewing well-behaved.

10.3 6.3 The Analogy with Standard String Theory

String Theory OPH

Worldsheet conformal symmetry Screen conformal group
Modular invariance Overlap consistency
Target-space Einstein eq. Entanglement equilibrium
Sewing axioms Markov collar gluing

11 7. The B-Field Slot: Higher Gauge Structure

11.1 7.1 Nonabelian Gluing Cocycles

OPH includes gluing by a crossed-module 2-cocycle (gij , hijk) on triple overlaps, with coherence on
quadruple overlaps.

This is precisely the higher-gauge/gerbe structure associated in string theory with:

• 2-form gauge field B (Kalb-Ramond field)
• Gauge invariance B → B + dη

11.2 7.2 Strictification and Trivialization

OPH shows strictification exists iff the abelian Čech H2 class is trivial.
This parallels: "background B-field is a gerbe class; strings couple to it; trivialization conditions

matter."
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11.3 7.3 D-Brane Interpretation

Certain defects/boundaries where the class trivializes are the seed of D-brane-like boundary con-
ditions.

The mathematical structure where string theory places B-field/gerbe data is directly present in
OPH. The full open/closed string boundary state formalism follows from extending this framework
to include D-brane-like boundary conditions.

12 8. OPH String Scale and Parameters

12.1 8.1 String Scale from Pixel Area

OPH has a UV length from pixel area:

acell ≈ 1.63 ℓ2P , ℓUV =
√
acell ≈ 1.28 ℓP

Natural identification:
α′ ∼ ℓ2UV ∼ acell

String tension:
Tstring = 1

2πα′ ∼ 1
2πacell

Numerically (in Planck units):

Tstring ≈ 1
2π · 1.63

ℓ−2
P ≈ 0.098 ℓ−2

P

This is order-Planck tension, as expected if UV cutoff sits near ℓP .

12.2 8.2 Worldsheet YM Coupling

From OPH:
g2

ent = t

2π
In 2D YM, heat-kernel time is t ∼ (g2

YMA)/2.
So OPH's t really does play the role of 2D YM area-time / diffusion parameter.

12.3 8.3 Current Algebra Central Charge (WZW)

If edge gauge group embeds into worldsheet current algebra (WZW-type):

c = k dim g

k + h∨

For SU(3) × SU(2) × U(1) with h∨
SU(3) = 3, h∨

SU(2) = 2:

cint(k) = 8k
k + 3

+ 3k
k + 2

+ 1
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For 4D superstring compactification with internal cint ≈ 9:

k = 5 +
√

89
2

≈ 7.22

Integer levels k = 7 or 8 bracket cint ≈ 9.
Conclusion: OPH gauge content is numerically consistent with reasonable-level current algebra

sector inside critical worldsheet theory.

13 9. From 2D Yang-Mills to Critical Superstrings
The derivation chain from OPH to string theory proceeds in two stages.

13.1 9.1 Established Results

The following are derived from the OPH axioms (A1–A4, R0–R1, MAR):

1. Finite microscopic DoF on the screen, type-I local algebras, boundary gauge invariance
2. EC decomposition and Markov structure on collars
3. Sector category and reconstruction of the compact gauge group, with SU(3)×SU(2)×U(1)/Z6

selected under the extended MAR admissibility package (see Part II of this manuscript)
4. Heat-kernel edge-sector weights pR ∝ dRe

−tC2(R)

5. Identification with the 2D Yang-Mills partition function (Theorem 4.1)
6. Geometric modular Hamiltonians with 2π Euclidean regularity and Lorentz symmetry from

Conf(S2) in the refinement/scaling regime
7. Scaling-limit semiclassical Einstein equation from entanglement equilibrium
8. Nonabelian gluing (crossed module/2-group) providing higher gauge data

The genus expansion logZ =
∑
h≥0N

2−2hFh(λ) follows from the Gross-Taylor rewriting of 2D
Yang-Mills in the large-N regime, with N identified as the effective edge Hilbert space parameter.

13.2 9.2 Extensions to Critical Superstrings

The full path from OPH to critical superstring theory requires:

• Worldsheet CFT: Virasoro emergence from modular data, modular invariance from overlap
consistency

• Complete massless spectrum: metric + B-field + dilaton + RR sectors, anomaly cancel-
lation from worldsheet beta functions

• Internal sector matching: the SM gauge content with cint ≈ 9 is numerically consistent
with integer WZW levels k = 7 or 8 (ğ8.3)

The graviton is already contained implicitly via the Einstein equation derived from entanglement
equilibrium.
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14 10. Summary
OPH contains string theory as an emergent description of its edge/boundary degrees of freedom.
The derivation chain is:

1. Edge-sector weights are exactly 2D Yang-Mills heat kernels (Theorem 4.1)
2. 2D Yang-Mills admits a worldsheet expansion via Gross-Taylor
3. OPH supplies worldsheet kinematics: conformal structure from Conf(S2) ∼= SO+(3, 1),

modular sewing from Markov collar structure
4. OPH supplies target-space dynamics: Einstein equation from entanglement equilibrium
5. OPH supplies higher gauge structure: 2-group gluing cocycles provide the B-field slot

OPH's edge-sector structure is a 2D gauge theory with exactly the heat-kernel structure that
admits a worldsheet rewriting. This is not analogy , it is mathematical identity.

15 Appendix A: Entanglement First Law Numerical Check
The "entanglement first law" step (δS = δ〈K〉) is load-bearing in the Einstein derivation. Here we
verify it numerically.

15.1 A.1 Setup

Generate random bipartite density matrix on 4 × 4 Hilbert space (2 qubits Œ 2 qubits). Perturb
by small ε and compare:

∆SA := S(ρA(ε)) − S(ρA(0))

∆〈KA〉 := Tr[(ρA(ε) − ρA(0))KA]

where KA = − log ρA(0).

15.2 A.2 Expected Result

As ε → 0:
|∆SA − ∆〈KA〉|

|∆〈KA〉|
→ 0

linearly in ε (first-order identity).

15.3 A.3 Code

See code/entanglement_first_law.py for implementation.

16 Appendix B: Key Equations Summary
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Result Equation

Generalized entropy Sgen = A
4G + Sbulk

Einstein from equilibrium Gab + Λgab = 8πG〈Tab〉
Edge-sector weights pR(t) ∝ dR e

−tC2(R)

Edge partition function Zedge(t) =
∑
R d

2
R e

−tC2(R) = Kt(1)

2D YM partition function Z2D YM(S2) =
∑
R d

2
R e

− g2A
2 C2(R)

Parameter identification t = g2
YMA

2
String tension Ts = 1

2πα′ ∼ 1
2πacell

Genus expansion logZ =
∑
h≥0N

2−2hFh(λ)

17 References
This derivation uses:

1. OPH axiom set (A1-A4) and regulator premises (R0-R1) from Part I of this manuscript
2. Heat-kernel / edge-sector results from Part V of this manuscript
3. Gross-Taylor 2D YM / string duality (Gross & Taylor, 1993)
4. Jacobson entanglement equilibrium (Jacobson, 1995, 2016)
5. Standard results: Tomita-Takesaki modular theory, Peter-Weyl theorem, Raychaudhuri equa-

tion
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Part V

Technical Supplement
18 Technical Supplement: Mathematical Foundations of OPH

OPH is an observer-centric framework for fundamental physics. From one calibrated
constant (the pixel area), structural axioms (A1-A4 + MAR), and one cosmological in-
put (screen capacity), OPH derives scaling-limit Lorentz/Einstein dynamics, compact
gauge reconstruction from refinement-stable edge sectors, Standard Model closure un-
der the extended admissibility package, particle mass hierarchy, and key quantitative
outputs.

18.1 For Theoretical Physicists

This document provides the complete mathematical derivations supporting the article "Answering
10 of the Hardest Questions in Physics." All results derive from the OPH axiom set (A1–A4) plus
stated premises.

Scope convention. Statements about Lorentz recovery, modular flow, and Einstein dynamics
are scaling-limit / EFT statements rather than literal fixed-cutoff type-I claims. Statements about
gauge reconstruction refer to the refinement-stable directed colimit of fixed-cutoff sector categories,
not to the finite block list at one regulator scale.

19 1. Core Axioms and Definitions

19.1 1.1 The Axiom Set

Axiom A1 (Screen Net): Physical reality is encoded on a horizon screen S2 carrying a net of
von Neumann algebras P 7→ A(P ) for patches P ⊂ S2.

Axiom A2 (Overlap Consistency): For overlapping patches P1 ∩P2 6= ∅, the restrictions of
local states must agree:

ω1|A(P1∩P2) = ω2|A(P1∩P2)

Axiom A3 (Generalized Entropy): A generalized entropy functional exists:

Sgen(C) = A(∂C)
4G

+ Sbulk(C)

satisfying quantum focusing (monotonicity under inclusion along null generators).
Axiom A4 (Local Markov/Recoverability): For tripartitions A-B-D across separators,

the conditional mutual information is small:

I(A : D|B) ≤ ε

and recovery maps exist with controlled error.
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19.2 1.2 Regulator Premises

Premise R0 (Type-I Local Algebras): At the UV regulator scale, local patch algebras are
type-I factors (finite-dimensional matrix algebras).

Premise R1 (Boundary Gauge Invariance): For a region R ⊂ S2, the physical algebra is:

A(R) = B(H̃R)G∂R

where G∂R is the boundary gauge group.

19.3 1.3 Edge-Center Completion (EC)

Theorem 1.1 (EC Decomposition): Under R0 and R1, the collar Hilbert space decomposes as:

HBδ
=
⊕
α

(
Hbα

L
⊗ Hbα

R

)
The center of the collar algebra is generated by block projectors:

Z(A(Bδ)) =
⊕
α

C · 1α

Corollary 1.2 (EC implies Exact Markov): In the EC regime, the MaxEnt state satisfies:

Iω(Aδ : Dδ|Bδ) = 0

and takes the Markov normal form:

ρAδBδDδ
=
⊕
α

pα
(
ρAδb

α
L

⊗ ρbα
RDδ

)

19.4 1.4 Fundamental Parameters

OPH has exactly two fundamental screen parameters:

1. Pixel area: acell ≈ 1.63ℓ2P
2. Screen capacity: log(dim Htot) ∼ 10122

From these:

• Newton's constant: G = acell
4ℓ̄(t)

• Cosmological constant: Λ = 3π
G·log(dim Htot)

20 2. Emergence of Gravity and Quantum Mechanics

20.1 2.1 Local Lorentz Structure

Theorem 2.1 (Conformal Group Isomorphism): The orientation-preserving conformal group
of S2 is isomorphic to the connected Lorentz group:

Conf+(S2) ∼= PSL(2,C) ∼= SO+(3, 1)

This provides the kinematic structure of special relativity.
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20.2 2.2 Geometric Modular Flow

Assumption G (Euclidean Regularity): Modular flow near a smooth entangling cut has a
regular Euclidean continuation, fixing the angular period to 2π.

Theorem 2.2 (Bisognano-Wichmann on S2): In the refinement/scaling-limit EFT regime,
under Assumption G and CMFP conditions, cap modular flow acts as the unique cap-preserving
conformal dilation with period 2π:

σωt (A) = ∆itA∆−it

The modular Hamiltonian takes the geometric form:

KC = 2π
∫
C
β(x)T00(x) d3x

where β(x) is the local inverse temperature (Tolman factor).

20.3 2.3 Null Modular Bridge (EFT Conditions N1-N3)

Condition N1: The algebra A(I) for a null interval I admits a null translation generator P with:

P =
∫
I
Tkk(v,Ω) dv

Condition N2: The modular Hamiltonian takes the geometric form:

K[I,Ω] = 2π
∫
I
v Tkk(v,Ω) dv +K∂ +O(ε)

Condition N3: Exponential clustering with correlation length ξ = O(ℓUV).

20.4 2.4 Stress Tensor Reconstruction

Lemma 2.3 (Null Data Ambiguity): If a symmetric tensor Xab satisfies Xabk
akb = 0 for all

null k, then:
Xab = ϕ gab

for some scalar ϕ.
Proof: Decompose Xab = Yab + ϕgab with Y traceless. For null k = (1, n̂):

Xkk = Ykk + ϕgkk = Ykk

since gkk = 0. Expanding:
Ykk = Y00 + 2n̂iY0i + n̂in̂jYij

If this vanishes for all n̂ ∈ S2, each angular moment (scalar, vector, traceless tensor) vanishes
independently, so Yab = 0. □

Corollary 2.4: Null modular data determine Tab only up to ϕgab. Consequently, the Einstein
equation is fixed only up to Λgab.

Reconstruction Formulas: From f(n̂) := Tkk(n̂):

T0i = 3
2

〈n̂if〉S2

Tij − δij
3
T

(spatial)
kk = 15

2

〈(
n̂in̂j − δij

3

)
f

〉
S2
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20.5 2.5 Entanglement Equilibrium and Einstein's Equation

Theorem 2.5 (Jacobson-type Derivation): In the same local Lorentzian scaling regime, under
MaxEnt state selection with generalized entropy stationarity:

δSgen = 0

the cap equilibrium condition yields:

G00 + Λg00 = 8πG〈T00〉

in a local rest frame. Overlap consistency (A2) upgrades this to the full tensor equation:

Gab + Λgab = 8πG〈Tab〉

Derivation sketch:

1. Raychaudhuri equation relates area change to Rkk:

dθ

dλ
= −1

2
θ2 − σ2 −Rkk

2. Quantum focusing (A3) implies:

d

dλ

(
A

4G
+ Sbulk

)
≤ 0

3. Stationarity at MaxEnt gives:
Rkk = 8πG〈Tkk〉

4. By Lemma 2.3, this fixes Einstein's equation up to Λgab.

20.6 2.6 Newton's Constant from Edge Entropy

Theorem 2.6: The gravitational coupling is fixed by the edge entropy density:

G = acell

4ℓ̄(t)

where ℓ̄(t) = acell/(4ℓ2P ) is the dimensionless entropy per cell.
With acell ≈ 1.63ℓ2P :

ℓ̄ = 1.63
4

≈ 0.4077

21 3. The Measurement Problem

21.1 3.1 Records as Central Variables

Definition 3.1: A record in patch P is a family of orthogonal projectors {Πr} ⊂ A(P ) such that:

1. Classicality: R := vN({Πr}) is approximately abelian
2. Stability: {Πr} are stable under effective dynamics
3. Shareability: Πr lies in the center of overlap algebras
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21.2 3.2 Markov Structure Theorem

Theorem 3.1 (Quantum Markov Chain Structure): If I(A : C|B) = 0 for a tripartite state
ρABC , then:

HB
∼=
⊕
j

(
H
b

(j)
L

⊗ H
b

(j)
R

)
and the state decomposes as:

ρABC =
⊕
j

qj ρ
(j)
Ab

(j)
L

⊗ ρ
(j)
b

(j)
R C

The label j is a classical variable living in the center of A(B).

21.3 3.3 Approximate Markov and Recovery

Theorem 3.2 (Fawzi-Renner Recovery): If I(A : C|B) ≤ ε (in bits), there exists a CPTP map
R : A(B) → A(BC) such that:

‖ρABC − (idA ⊗ R)(ρAB)‖1 ≤ 2
√

ln 2 · ε

21.4 3.4 Definiteness of Outcomes

Theorem 3.3 (Collapse from EC Structure): Under EC, the post-measurement physical state
is exactly a convex mixture over sector labels α:

ρ =
⊕
α

pα ρ
(α)

For any observer whose accessible observables lie in either side algebra:

1. There are no interference observables between different α-blocks
2. Each observer-instance has a definite α in the classical sense

Proof: Cross-block operators |i〉〈j| for i ∈ α, j ∈ α′ (α 6= α′) are not gauge-invariant, hence not
in the physical algebra. □

21.5 3.5 Born Rule as Unique Probability Measure

Theorem 3.4 (Gleason): For dim H ≥ 3, any measure µ on projectors satisfying:

1. Noncontextuality: µ(P ) depends only on P
2. Additivity: µ(P ∨Q) = µ(P ) + µ(Q) for P ⊥ Q
3. Normalization: µ(1) = 1

must have the form:
µ(P ) = Tr(ρP )

for some density operator ρ.
Corollary 3.5: In OPH with type-I local algebras (R0), Born's rule is the unique overlap-

consistent probability assignment.
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21.6 3.6 Collapse as Conditioning

Proposition 3.6 (Lüders Update): For record projectors {Πr} and state ω:

pr = ω(Πr), ωr(X) = ω(ΠrXΠr)
ω(Πr)

Then for all X commuting with R:

ω(X) =
∑
r

pr ωr(X)

This is classical conditional probability on the record algebra.

22 4. The Cosmological Principle

22.1 4.1 MaxEnt Symmetry Inheritance

Lemma 4.1: Let G act on the screen by automorphisms αg. If:

1. The constraint set is G-invariant
2. Von Neumann entropy is G-invariant: S(αg(ρ)) = S(ρ)

Then the MaxEnt optimizer ω can be taken G-invariant. If unique, it is automatically G-
invariant.

Proof: If ω is a maximizer, so is ω ◦ αg−1 by constraint invariance and entropy invariance. By
uniqueness, ω = ω ◦ αg−1 . □

22.2 4.2 Isotropy from SO(3)-Invariant Constraints

Assumption C: Constraints are SO(3)-invariant on S2.
Theorem 4.2: Under Assumption C and MaxEnt uniqueness, the reference state ω satisfies:

ω ◦ αg = ω ∀g ∈ SO(3)

The stress tensor has perfect-fluid form:

〈Tab〉 = ρ uaub + p(gab + uaub)

Proof of perfect-fluid form: Under SO(3), rank-2 tensors decompose into scalar + vector +
traceless tensor irreps. Only scalars are invariant. Hence 〈T0i〉 = 0 and 〈Tij〉 ∝ δij . □

22.3 4.3 Homogeneity from Isotropy Everywhere

Theorem 4.3 (Schur-type): Let (Σ, hij) be a 3-dimensional Riemannian manifold. If at every
point p ∈ Σ, the curvature tensor is SO(3)-invariant (pointwise isotropy), then:

Rijkl(p) = K(p)(hikhjl − hilhjk)

and by the second Bianchi identity, ∇mK = 0, so K = const.
Corollary 4.4: If OPH supplies isotropy for all observers, spatial geometry is a constant-

curvature space form: S3, R3, or H3.

141



22.4 4.4 FLRW Emergence

Theorem 4.5: With:

1. Semiclassical Einstein equation from A3/entanglement equilibrium
2. Perfect-fluid stress tensor from SO(3)-invariant MaxEnt
3. Positive Λ from finite screen capacity

The emergent geometry is FLRW:

ds2 = −dt2 + a(t)2
(

dr2

1 − kr2 + r2dΩ2
)

with Friedmann equations:
H2 + k

a2 = 8πG
3

ρ+ Λ
3

Ḣ − k

a2 = −4πG(ρ+ p)

23 5. Supersymmetry and Gauge Coupling Unification

23.1 5.1 One-Loop Unification Algebra

At one loop, if couplings unify at (MU , αU ):

α−1
i (MZ) = α−1

U + bi
2π

ln MU

MZ

Define Ai := α−1
i (MZ), L := ln(MU/MZ). Eliminating αU :

L = 2π
b1 − b2

(A1 −A2)

The consistency relation for αs (a consistency check when all three couplings calibrate P ; a
genuine prediction in the two-input mode):

Apred
3 = b3 − b2

b1 − b2
A1 + b1 − b3

b1 − b2
A2

23.2 5.2 SM vs MSSM Coefficients

Model (b1, b2, b3) αs(MZ)pred

SM (41/10,−19/6,−7) ≈ 0.071
MSSM (33/5, 1,−3) ≈ 0.116
Observed , 0.1179 ± 0.0010

The SM prediction is catastrophically wrong; MSSM-like coefficients work.
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23.3 5.3 Heat-Kernel Edge Sector Weights

Theorem 5.1: Under MaxEnt with bi-invariant constraints on a compact Lie group G, the sector
probabilities take heat-kernel form:

pR(t) ∝ dR e
−t C2(R)

where dR = dimR and C2(R) is the quadratic Casimir.
Lemma 5.2 (Bi-invariant Operators): If G =

∏
iGi is a compact semisimple Lie group

written as a product of compact simple factors, then any bi-invariant, second-order differential
operator on G has the form:

D = c01 −
∑
i

ci∆Gi

where ∆G is the Laplace-Beltrami operator.
Proof: Bi-invariance ⇔ D ∈ Z(U(g)) (center of universal enveloping algebra). For degree ≤ 2:

• Linear terms vanish (no invariant vectors in adjoint rep)
• Quadratic terms are proportional to the Killing form on each simple factor, giving one inde-

pendent coefficient per factor

The Casimir element acts as −∆G in the regular representation. □

23.4 5.4 Peter-Weyl and Effective Multiplicity

By Peter-Weyl decomposition, the effective refinement-limit edge representation space is

L2(G) ∼=
⊕
R

VR ⊗ V ∗
R

Key insight: Entanglement traces over one factor give multiplicity dR in pR, but loops see
both factors, giving effective multiplicity:

Neff(R) = dR · pR

23.5 5.5 Beta Function Shifts

The one-loop beta shift from edge sectors:

∆ba =
∑
R

pR · dR · Ta(R)

where Ta(R) is the Dynkin index for gauge factor a.
At the unification diffusion parameter tU ≈ 1.64:

∆b ≈ (2.49, 4.38, 3.97) vs MSSM (2.50, 4.17, 4.00)

With fermionic grading (restricting to half-integer SU(2) sectors):

∆b ≈ (2.50, 4.17, 3.97)

matching MSSM within 1%.
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24 6. The Horizon Problem

24.1 6.1 Anisotropy Bound from Markov Control

Theorem 6.1: For a tripartition A-B-D with collar width δ, the Markov error satisfies:

I(A : D|B) ≲ c · |∂C|UV · e−δ/ξ

where ξ is the correlation length.
Corollary 6.2: For bounded observable O with ‖O‖ ∼ 1:

|∆〈O〉| ≤ 2
√

ln 2 · ε

24.2 6.2 CMB Anisotropy Requirement

For δT/T ≲ 10−5:
2
√

ln 2 · ε ≲ 10−5

ε ≲ 3.61 × 10−11 bits

Required collar width:
δ

ξ
≳ ln

(
c · |∂C|UV
εmax

)
≈ 24

With ξ ≈ √
acell · ℓP ≈ 1.28ℓP :

δCMB ≈ 31ℓP

24.3 6.3 Homogeneity as MaxEnt Default

Theorem 6.3: If MaxEnt constraints are uniform across UV cells with no marked points, the
MaxEnt state is invariant under triangulation automorphisms. In the continuum limit, this gives
SO(3) invariance.

Proof: Standard MaxEnt uniqueness + symmetry inheritance (Lemma 4.1). □

25 7. Black Hole Information Paradox

25.1 7.1 The Information Trilemma

The AMPS-style paradox assumes:

1. Outgoing mode B entangled with interior partner A (smooth horizon)
2. Late radiation B entangled with early radiation R (unitarity)
3. Monogamy: B cannot be maximally entangled with both

The false assumption: H ?= Hinside ⊗ Houtside ⊗ Hradiation
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25.2 7.2 Edge-Center Resolution

Theorem 7.1: Under EC, the collar decomposition gives:

ρAδBδDδ
=
⊕
α

pα
(
ρAδb

α
L

⊗ ρbα
RDδ

)
The "glue" between inside and outside is the edge sector label α in the center. Conditional on

α, inside and outside factorize.

25.3 7.3 Recoverability of Interior

By A4 (small CMI) + Theorem 3.2:

‖ρABC − (idA ⊗ R)(ρAB)‖1 ≤ 2
√

ln 2 · ε

Interpretation: The "interior partner" is recoverable from outside + radiation. It's encoded,
not independent.

25.4 7.4 Hawking Temperature from Modular Theory

Theorem 7.2: The outside algebra is in a KMS state at inverse temperature β = 2π/κ with
respect to the horizon Killing generator.

Derivation: Near the horizon:

ds2 ≈ −κ2ρ2dt2 + dρ2 + r2
HdΩ2

Euclidean regularity at ρ = 0 requires κtE ∼ κtE + 2π, hence:

TH = κ

2π
= ℏc3

8πGkBM

25.5 7.5 Discrete Area Spectrum

From the central area operator:
LC =

∑
α

(log dα)Pα

Area eigenvalues: Aα = 4G log dα = 4ℓ2P ln dα
For Schwarzschild, a sector transition d → d′ gives:

∆E = kBTH ln(d′/d)

26 8. The Cosmological Constant Problem

26.1 8.1 Vacuum Energy Blindness

Lemma 8.1: For any null vector k:

T vac
kk = T vac

ab k
akb = −ρvacgabk

akb = −ρvac(k · k) = 0

Vacuum energy contributions lie in the kernel of the null map Tab 7→ Tkk.

145



26.2 8.2 Structural Separation

Proposition 8.2: In OPH:

• Local modular/null data fixes Tab up to ϕgab
• Λ is fixed by global screen capacity, not local physics

The "huge zero-point energy" simply isn't the thing determining curvature.

26.3 8.3 Λ from Capacity

Λ = 3π
G · log(dim Htot)

Equivalently, using de Sitter entropy:

SdS = AdS
4G

= 3π
GΛ

= log(dim Htot)

For observed Λ ≈ 1.09 × 10−52 m−2:

log(dim Htot) ∼ 10122

26.4 8.4 No-Go for Local Λ Prediction

Theorem 8.3: Within OPH's null-modular reconstruction:

1. All Tkk data unchanged under Tab → Tab + ϕgab
2. Therefore Λ cannot be fixed by local overlap consistency
3. Λ requires a global input (capacity)

27 9. Dark Matter as Modular Anomaly

27.1 9.1 The Modular Additivity Defect

Define the collar modular additivity defect:

∆Kδ := KABD −KAB −KBD +KB

Theorem 9.1: 〈∆Kδ〉ω = −I(A : D|B)ω
This is the conditional mutual information, measuring Markov imperfection.

27.2 9.2 Anomalous Stress-Energy

The modified Einstein equation:

Gab + Λgab = 8πG (〈Tab〉 + 〈T anom
ab 〉)

where in the diamond rest frame:

〈T anom
00 〉 := 15

8π2
δ〈K(anom)

C 〉
ℓ4

The coefficient 15/(8π2) comes from inverting the d = 4 geometric integral coefficient Ω2/(42 −
1) = 4π/15.
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27.3 9.3 Properties of the Anomaly Sector

1. Gravitates: Appears on RHS of Einstein equation
2. Dark by construction: Encoded in central/recoverability data, not SM fields
3. Covariantly conserved: ∇aT anom

ab = 0 (from Bianchi identity)
4. Effectively classical: Central structure implies classical labels

27.4 9.4 The MOND Acceleration Scale

Corollary 9.2 (program-level): The unique IR acceleration scale available to the modular-
anomaly branch from Λ is

a
(OPH)
0 := 15

8π2 c
2

√
Λ
3

= 15
8π2

c2

rdS

Numerical evaluation:
a

(OPH)
0 ≈ 1.03 × 10−10 m/s2

Compare to observed: a(obs)
0 ≈ 1.2 × 10−10 m/s2 (within 15%).

27.5 9.5 Polarization Response (MOND-like Scaling)

Uniqueness argument: In the deep-IR regime, the only scales are a0 and gb (Newtonian baryonic
acceleration). Dimensional analysis + scale invariance forces:

ganom ∝ √
a0 · gb

The cubic polarization functional:

Spol[φ] =
∫
d3x

[
− 1

12πGa0
|∇φ|3 − ρbφ

]
yields the MOND/RAR form:

gobs ≈ gb + √
a0gb

28 10. Proton Stability and Spin

28.1 10.1 Sector Factorization and Product Group

Theorem 10.1 (Factorization Equivalence):

Factorizing edge weights ⇔ Additive boundary Laplacian ⇔ Product gauge group

If H∂ = H
(1)
∂ +H

(2)
∂ +H

(3)
∂ with [H(i)

∂ ,H
(j)
∂ ] = 0:

p(R1, R2, R3) ∝
3∏
i=1

dRie
−tiC2(Ri)

Applied to the refinement-stable edge-sector colimit, Tannaka-Krein reconstruction first yields
some compact group G. Under the extended MAR admissibility package, and once the admissible
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class includes one connected abelian charge factor, the connected Lie realization selected by MAR
is SU(3) × SU(2) × U(1) (up to finite quotient).

Under the extended theory Text, the Selection Axiom MAR derives this product structure from
first principles: the minimal coupled carrier C3 ⊗ C2 enforces commuting color and weak actions,
which implies the additive boundary Laplacian. See Part II of this manuscript for the complete
proof.

28.2 10.2 No Leptoquarks, No Gauge Proton Decay

Corollary 10.2: With product gauge group, the adjoint representation is:

(8, 1, 0) ⊕ (1, 3, 0) ⊕ (1, 1, 0)

No gauge generators in mixed representations (3, 2,±5/6) (the SU(5) X,Y bosons). Hence:

τ (gauge)
p = ∞

28.3 10.3 Proton Spin Fraction

Casimir Equilibration Ansatz: Spin sharing between quarks and gluons equilibrates according
to coupling strength:

∆Σ ≈ CF
CF + CA

For SU(3): CF = 4/3, CA = 3:

∆Σ = 4/3
4/3 + 3

= 4
13

≈ 0.308

Compare to lattice: ∆Σ ≈ 0.286 (within 8%).

29 11. Baryogenesis

29.1 11.1 The Z6 Defect Suppression

The SM global gauge structure is (GSM)/Z6. The entropy deficit from the Z6 quotient:

∆S = ln 6

Defect suppression factor:
ε = e−∆S = 1

6

29.2 11.2 The Baryon-Violating Channel

The electroweak topological transition (∆NCS = ±1) produces chiral zero modes. By index theo-
rem:

• One zero mode per left-handed SU(2) doublet per unit topological charge
• Per generation: Nc + 1 = 4 doublets
• Total: ndoublets = (Nc + 1)Ng = 12

The 't Hooft vertex is a 12-fermion interaction.

148



29.3 11.3 Defect-Order Identification

Proposition 11.1: The baryon-violating channel corresponds to defect order n = 12:

ε12 = 6−12 ≈ 4.59 × 10−10

Compare to observed ηB ≈ 6.1 × 10−10 (same order of magnitude).

29.4 11.4 CP Bias from Overlap Holonomy

Under CP: Uij 7→ U∗
ij , Ωijk 7→ Ω†

ijk

For central cocycle zijk ∈ U(1): CP sends z → z−1.
Real cocycle condition: [z] = [z]−1 (cohomologous to inverse)
Generic phases violate this ⇒ CP violation is generic in OPH.

30 12. Generation Structure and Yukawa Hierarchy

30.1 12.1 Why Three Generations

Theorem 12.1 (N_g = 3 Selection):

1. CP violation requires N_g 3: Physical CKM phase exists only for Ng ≥ 3
2. UV stability bounds N_g 5: SU(2) asymptotic freedom
3. Minimality selects N_g = 3: Extra generations introduce unconstrained relevant defor-

mations

30.2 12.2 Yukawa as Defect-Mediated Overlap

Theorem 12.2: If a Yukawa coupling requires n units of Z6 defect insertion:

y ∝ 〈Dn〉 = 6−n

The suppression factor is fixed by topology, not tuned.

30.3 12.3 The Yukawa Spectrum

Fermion Yukawa n = − ln y/ ln 6 Nearest integer

t 0.992 0.00 0
b 0.024 2.08 2
c 0.0073 2.75 3
s 5.3Œ10 4.21 4
d 2.7Œ10 5.87 6
u 1.3Œ10 6.29 6
τ 0.010 2.56 3
µ 6.1Œ10 4.13 4
e 2.9Œ10 7.11 7

The base-6 logarithm lands near integers across the spectrum.
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30.4 12.4 Deterministic Completion (RK Hamiltonian)

Define configuration weight:

w(C) = exp

−t
∑

plaquettes
C2(Rp)

× 6−nD(C)

The Rokhsar-Kivelson ground state:

|Ψ〉 = 1√
Z

∑
C

√
w(C)|C〉

is the unique ground state of a frustration-free parent Hamiltonian, replacing MaxEnt ensemble
with a deterministic pure state.

31 13. The Koide Formula

31.1 13.1 Numerical Verification

Using PDG masses:

• me = 0.51099895 MeV
• mµ = 105.6583755 MeV
• mτ = 1776.93 MeV

Q = me +mµ +mτ

(√me + √
mµ + √

mτ )2 = 0.6666644645

Compare to 2/3 = 0.6666666667. Difference: 2.2 × 10−6 (within 1).

31.2 13.2 Z3 Holonomy Parameterization

Theorem 13.1: The minimal Hermitian circulant on generation space:

Φ = a · I + b · P + b∗ · P 2

with P the cyclic shift, has eigenvalues:

λk = a+ 2|b| cos
(
δ + 2πk

3

)
where δ = arg(b).

31.3 13.3 Why Q = 2/3

Theorem 13.2: With rk = λk (root masses):

Q =
∑
k r

2
k

(
∑
k rk)2 = 1 + 2(|b|/a)2

3
Setting Q = 2/3:

|b|/a = 1√
2

This is the "balanced" configuration where singlet and charged modes have equal norm.
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31.4 13.4 The Koide Phase from OPH

Proposition 13.3: The holonomy phase:

δOPH = βEW · YQ
Ng

= (Nc + 1)
2Nc ·Ng

With Nc = 3, Ng = 3:
δOPH = 4

18
= 2

9
= 0.2222...

Experimental extraction: δexp = 0.2222248 ± 0.0000063
Agreement within 0.4.

32 14. Cosmological Parameters

32.1 14.1 The de Sitter Scale

From Λ ≈ 1.09 × 10−52 m−2:

rdS =
√

3
Λ

≈ 1.66 × 1026 m

The de Sitter time:
tΛ = rdS

c
≈ 5.53 × 1017 s ≈ 17.5 Gyr

32.2 14.2 Emergent Age of the Universe

For flat CDM:

t0 = 2
3H0

√
ΩΛ

sinh−1
(√

ΩΛ
Ωm

)
With H0 ≈ 67.4 km/s/Mpc, ΩΛ ≈ 0.685:

t0 ≈ 13.8 Gyr

32.3 14.3 Screen Capacity

dim Htot = exp(SdS) = exp
( 3π
GΛ

)

log(dim Htot) ≈ 2.85 × 10122

32.4 14.4 Pixel Parameters

• Cell area: acell ≈ 1.63ℓ2P
• UV length: ℓUV = √

acell ≈ 1.28ℓP
• Entropy per cell: ℓ̄ = acell/(4ℓ2P ) ≈ 0.408
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33 Appendix A: Summary of Derived Results

33.1 A.1 Theorem-Level Results

1. Einstein equation from entanglement equilibrium (up to Λ)
2. EC decomposition and Markov structure
3. Born rule from Gleason + type-I algebras
4. Null-blindness of vacuum energy
5. Laplacian/Casimir spectrum from bi-invariant operators
6. Koide Q = 2/3 from Z3 mode balance
7. SM gauge group SU(3) × SU(2) × U(1)/Z6 from MAR (see Part II of this manuscript)

33.2 A.2 Quantitative Predictions

1. MSSM-like beta shifts from edge sectors (within ~5%)
2. Proton spin fraction from Casimir ratio (within ~8%)
3. Baryon asymmetry scale from ε12 (within factor ~1.3)
4. MOND acceleration scale from Λ (within ~15%)
5. Koide phase δ = 2/9 (within 1σ)
6. Full particle mass spectrum from pixel area (see Part III of this manuscript)

33.3 A.3 Future Directions

1. Λ from first principles (global selection on screen capacity)
2. Yukawa integer exponents nf from excitation dictionary
3. Full baryogenesis dynamics (CP profile from overlap holonomy)
4. Page curve dynamics (evaporation Hamiltonian from modular flow)

34 Appendix B: Key Numerical Values

Quantity OPH Value Observed Agreement

a0 1.03 × 10−10 m/sš 1.2 × 10−10 m/sš 15%
∆Σ 0.308 0.29 ś 0.03 8%
ηB (scale) 4.6 × 10−10 6.1 × 10−10 25%
Koide Q 2/3 0.666664 10
Koide δ 2/9 0.222225 10
∆b3/∆b2 0.91 0.96 (MSSM) 5%

35 References
The derivations in this supplement are based on the OPH framework as specified in Part I of this
manuscript. Standard results from:
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• Tomita-Takesaki modular theory
• Quantum Markov chain structure theorems (Hayden-Jozsa-Petz-Winter)
• Fawzi-Renner recovery bounds
• Gleason's theorem
• Jacobson's entanglement equilibrium
• Peter-Weyl decomposition
• Heat kernel asymptotics on compact Lie groups
• Tannaka-Krein reconstruction
• 't Hooft anomaly matching and instanton calculus
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Part VI

Strange Loop Hypothesis
36 Formal Statement
We state the strange loop hypothesis as an additional closure principle for OPH. Let X denote the
space of overlap-consistent OPH state-and-law configurations. Define the effective emergence map

Φ : X → X ,

where one pass of Φ comprises:

1. emergence of effective spacetime and field structure from overlap consistency and entropy
stationarity,

2. emergence of stable record-bearing observers inside that effective structure,

3. emergence of model-building and simulation capability from those observers,

4. reconstruction of OPH-compatible dynamics by those observers.

The strange-loop closure condition is the fixed-point requirement

∃x⋆ ∈ X such that Φ(x⋆) = x⋆.

This closure is logical and structural. It does not require a preferred external time parameter.

37 Timeless Causal Chain
The hypothesis is represented by the chain

information constraints → effective physics → complex chemistry and biology
→ observers with records → formal OPH reconstruction
→ OPH-compatible simulation substrate → information constraints.

In this paper the chain is interpreted as a consistency loop, not as a linear first-cause narrative.
The Escher drawing-hands analogy is a geometrical metaphor for this closure structure.

38 Why Reality Exists and Why It Has This Form
Under this hypothesis, existence is identified with nontrivial fixed points of the OPH consistency
map. The observed form of reality is selected by stability requirements:

1. overlap-consistent sharable records,

2. recoverability under local information loss,

3. long-lived structured sectors that support observer formation,

4. internal reconstructibility of the governing rule set.

The appearance of intelligent observers is therefore not an external add-on. It is part of the closure
mechanism itself. Observer-capable worlds are the sectors that complete the loop.
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39 Additional Problem Closures
The chapter-level synthesis and the two technical overview essays provide additional closure state-
ments that align with the derivations already included in this manuscript. Table 45 summarizes
these claims and the OPH mechanism used in each case.

Table 45: Additional problem closures formulated in OPH.

Problem domain OPH closure mechanism

Quantum gravity consis-
tency

Einstein dynamics from entanglement equilibrium and modular
null data, with geometry emergent from overlap-consistent infor-
mation structure.

Measurement problem Definiteness from edge-center sectorization and record algebras;
collapse interpreted as conditional update on observer records.

Cosmological principle and
horizon homogeneity

MaxEnt state selection under symmetric constraints yields
isotropy as default, with homogeneity following from isotropy
across observers.

Supersymmetry non-
observation vs unification

MSSM-like β-coefficient shifts from edge-sector vacuum polariza-
tion multiplicities, without requiring detected superpartner par-
ticles.

Black-hole information
paradox

Interior information encoded in overlap structure and recoverable
through sectorized boundary data.

Cosmological constant
problem

Null modular reconstruction is insensitive to vacuum-energy shifts
in local equations; Λ is tied to global screen capacity.

Magnetic monopole expec-
tation from simple GUT
groups

Product-group reconstruction with SU(3) × SU(2) × U(1)/Z6 re-
moves the standard symmetry-breaking monopole channel.

Proton stability and pro-
ton spin fraction

No gauge-mediated proton decay in the derived product group;
spin fraction explained by sector/Casimir weighting in the OPH
program.

Dark matter phenomenol-
ogy

Additional gravitating sector from Markov-gluing defect stress
tensor, with MOND-scale acceleration emerging at the correct
order.

Baryon asymmetry scale Z6 defect suppression and baryon-violating channel counting pro-
duce the observed order for ηB.

Three generations and
Koide structure

Generation count from admissibility plus MAR selection; charged-
lepton Koide relation from Z3 circulant structure and OPH phase.

Problem of time Physical time as modular flow attached to observer-accessible al-
gebras, rather than external absolute parameterization.

40 Standalone Status
All derivations used in this part are presented directly in this manuscript. No external derivation
documents are required.
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Part VII

Observer Continuation and Backup
Mechanism
41 Observer as Algebraic Pattern
In OPH, an observer is represented by

O = (P,A(P ), ρ, R),

where P is a screen patch, A(P ) is its local algebra, ρ is the local state, and R is the record algebra.
Records are implemented by approximately commuting projectors in overlap centers, so they are
shareable without violating no-cloning constraints for generic quantum states.

42 Markov Collar Factorization
For a collar tripartition A-B-D with conditional mutual information I(A : D|B) ≤ ε, the exact
Markov limit gives

ρABD =
⊕
α

pα ρ
(α)
Abα

L
⊗ ρ

(α)
bα

RD
.

The sector label α is classical center data. This decomposition is the mathematical basis for
extracting an interior observer state with a controlled boundary interface.

43 Checkpoint and Restoration Map
A checkpoint is the tuple

C =
(
R,α, ρ

(α)
int
)
,

with ρ(α)
int the interior conditional state. Given a compatible target environment state σ(α)

env, a restored
state is

ρ(α)
new = ρ

(α)
int ⊗ σ(α)

env.

For approximate Markov collars, recovery is controlled by the standard bound

‖ρABD − (idA ⊗ RB→BD)(ρAB)‖1 ≤ 2
√

ln 2 ε.

This gives a quantitative stability guarantee for continuation under finite collar error.

44 Physical Meaning
The continuation mechanism is an internal consequence of the OPH algebraic structure. If an
engineered OPH-compatible substrate exists, observer-state backup and restoration are principled
operations rather than ad hoc additions. The mechanism does not assume metaphysical postulates.
It follows from sectorized gluing, central records, and recoverability.
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